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Abstract. This paper is about the arithmetic of Kudla- Rapoport divisors on Shimura 
varieties of type GU(n — 1, 1). In the first part of the paper we construct a toroidal 
compactification of N. Kramer's integral model of the Shimura variety. This extends 
work of K.-W. Lan, who constructed a compactification at unramified primes. 

In the second, and main, part of the paper we use ideas of Kudla to construct Green 
functions for the Kudla-Rapoport divisors on the open Shimura variety, and analyze 
the behavior of these functions near the boundary of the compactification. The Green 
functions turn out to have logarithmic singularities along certain components of the 
boundary, up to log-log error terms. Thus, by adding a prescribed linear combination of 
boundary components to a Kudla-Rapoport divisor one obtains a class in the arithmetic 
Chow group of Burgos-Kramer-Kiihn. 

In the third and final part of the paper we compute the arithmetic intersection of 
each of these divisors with a cycle of complex multiplication points. The computation is 
quickly reduced to the calculations of the author's earlier work Complex multiplication 
cycles and Kudla-Rapoport divisors. The arithmetic intersection multiplicities are shown 
to appear as Fourier coefficients of the diagonal restriction of the central derivative of a 
Hilbert modular Eiscnstcin scries. 



1. Introduction 

Let k be an imaginary quadratic field with discriminant — dfc, let x x denote complex 
conjugation on k, and fix an embedding i : k — > C. We assume throughout that df, is odd. 

1.1. Integral models of unitary Shimura varieties. For every pair (r, s) of nonnegative 
integers one may attempt to define a Deligne-Mumford stack M( r ,s) over Ok as the moduli 
space of triples (A, K, iji), where A — > S is an abelian scheme of dimension r + s over an 
Ofc-scheme S, K : Ok — > End(A) is an action of Ok on A, and ip is an Ofc-linear principal 
polarization of A (see Section [Ol for the meaning of Ofc-linear). One further demands that 
the induced action of Ok on Liie(A) satisfies a suitable signature (r, s) condition. Such a 
signature condition asserts, roughly speaking, that Lie(A) behaves like the 0fc<g>z0s-module 
O r s © O s , where Ok acts on the factor O r s through the structure morphism Ok — > Os, and 
acts on the factor O s s through the complex conjugate of the structure morphism. Of course 
the subtlety lies in the precise meaning of "behaves like", and different definitions lead to 
different moduli spaces. In the case of signature (m, 0) one simply demands that Ok acts 
on Lie(A) through the structure map Ok — > Os, and this gives an unambiguous definition 
of M( m> o). The resulting stack M( m0 ) nas a very simple structure (Proposition 12.1.2]) : it is 
proper and smooth over Ok of relative dimension 0. In particular its complex fiber is a 
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O-dimensional complex orbifold. Similar remarks hold for Mm m ), which is obtained from 
M(m,o) by pullback through complex conjugation on the base scheme Spec(Ofc). 

In the case of signature (m, 1) there are at least three competing definitions of the signa- 
ture condition: a naive definition, and more refined definitions introduced by Pappas [29] 
and Kramer [T7]. These three definitions, recalled in Section I2TT1 lead to three stacks over 
Cfc, related by canonical morphisms 

a- 1 - 1 ) M ^ a i)^^ p i)^ M (™:i°) 

which become isomorphisms after restriction to Ok[^/dk\- The naive model is known, by 
work of Pappas, to be neither flat nor regular. The refined model of Pappas is flat but not 
regular. Kramer's model is both flat and regular. It is essential here that dk be odd. While 
the definitions of the stacks in (jl.I.ip make sense also for even dk, there seems to be no 
reason to expect in this generality that M?^ a -g is regular. 

If to > then M^ 8 ^ is typically not proper, and our first main result (Theorem 12.5. 2} is 
the existence of a canonical toroidal compactification of Kramer's model. 

Theorem A. Fix m > 0. There is an Ok-stack M? ^ of dimension m + 1. and a closed 
substack Z <—t M* m j% of dimension m, with the following properties. The stack M? m ^ is 
regular, is proper and flat over Ok, and is smooth over 0fc[l/<ifc]. The substack Z is smooth 
and proper over Ok, and Mj^ 3 ^ = M* m ^ \ Z. 

Remark 1.1.1. In the relatively uninteresting case to = 0, there are isomorphisms 

M(o4)- M fo:?)=<oa)= M (o,i)- 
These stacks are smooth and proper over Ok- 

One can say much more about the boundary divisor Z. For example, the universal abelian 
scheme A over M/^ 3 ^ extends to a semi-abelian scheme G over M* m ^. At a geometric point 
Spec(F) — > Z of the boundary the fiber G/jr sits in an exact sequence 

(1.1.2) O^T^G/f^B^O 

where T is a torus over F whose character group is a projective Ofc-module of rank one, and 
B is an abelian variety over F of dimension to — 1 with an action of Ok- Moreover, B comes 
equipped with an O^-linear principal polarization, and defines a point of M( m _ 10 )(F). As 
the geometric point varies over a single irreducible component of Z/p, the torus T and the 
abelian variety B are constant, but the isomorphism class of the extension (11.1.21) varies. 

The proof of Theorem IA1 follows the methods established in Chai-Faltings [11] . and Lan's 
generalizations 23 . Indeed, if one works over 0fc[l/<ifc] instead of Ok then Theorem [A] is a 
special case of the results of [23] , 

1.2. Arithmetic Kudla-Rapoport divisors. Our motivation for constructing a good in- 
tegral model M* m ^ over Ok is to have a suitable space on which to do arithmetic intersection 
theory. In particular, we wish to address some the speculative questions raised in the in- 
troduction of [15) concerning the arithmetic intersections of Kudla-Rapoport divisors with 
cycles of complex multiplication points. The set up is as follows. Fix an integer n > 1 and 
consider the Ofc-stack 

M*=M (1)0) x Gfc M^_ X)1) . 
It is regular of dimension n, is flat and proper over Ok, and contains 

M = M (1 , 0) x 0fe Mf™ M) 
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as a dense open substack. In a change from the notation of Theorem [51 we now define 

Z = M* \ M 

with its reduced substack structure. In other words, the new Z is the old Mq o) x o h 

Following work of Kudla and Rapoport [3TJ [2U] , we define a family of divisors KR(m) on M 
indexed by nonzero integers m. These are precisely the divisors denoted Z(m) in [loc. cit.] 
and [TS] . Let KR* (m) be the Zariski closure of KR(m) in M* . In [TS] , one finds the construction 
of a Green function Gr(m, v) on M(C) for KR(m); that is, a smooth function with logarithmic 
singularities along the complex points of KR(m). The Green function depends on an auxiliary 
choice of positive real parameter v. In Section [3.71 we define, for each geometric component 
B of the boundary Z, an integer IndB(m) in such a way that the formal sum 

B(m, v) = — Ind B (m) • B 

B 

is a divisor on M* (with real coefficients, and defined over Ok)- Our second main result 
amounts to an examination of these Green functions near the boundary of M*. We prove 
that each Gr(m, v) has logarithmic singularities along certain boundary components, so 
that Gr(m, v), when viewed as a function on M*(C), is a Green function for the divisor 
KR*(m) + B(m, v). Here the term Green function must be interpreted as in the work of 
Burgos-Kramer-Kiihn [7]; Gr(m, v) is a Green function for KR*(m) +B(m,v) up to log-log 
error terms along the boundary. The main results of [7] show that the theory of arithmetic 
Chow groups developed by Gillet-Soule [131 E2] can be extended to allow for such log-log 
error terms. The following is a restatement of Theorem 13 . 7.41 of the text. 

Theorem B. For any m and any v e R + , the pair 

KR(m, v) = (KR* (m) + B(m, t>), Gr(m, v)) 

defines a class in the Burgos-Kramer-Kiihn codimension one arithmetic Chow group CH R (M*) 
of Section\3Ji 

Remark 1.2.1. If m < then both KR*(m) and B(m,v) are zero, but the class KR(m, v) may 
still be nontrivial. 

The closest result to Theorem [B] in the literature is found in work of Bruinier-Burgos- 
Kiihn [6 . In an earlier work Bruinier [5] constructed explicit Green functions for the 
Hirzebruch-Zagier divisors on a Hilbert modular surface Y, and one of the the main results 
of [6] is the analysis of these Green functions near the boundary of a toroidal compactifica- 
tion Y*. There are, however, at least two natural constructions of Green functions for the 
Hirzebruch-Zagier divisors: the automorphic Green functions of Bruinier, and the Kudla 
Green functions as constructed in [16] following the ideas of [18] . Exactly as in Theorem [5] 
Bruiner's Green function extends to a Green function on Y* for the Zariski closure of the 
Hirzebruch-Zagier divisor, provided one adds to the divisor a certain linear combination of 
boundary components, and provided one allows for log-log error terms along the boundary. 
However, Berndt-Kiihn 3 have recently shown that no such result holds for the Kudla 
Green functions on a Hilbert modular surface. That is, even after adding boundary compo- 
nents to the Hirzebruch-Zagier divisor, the Kudla Green function of [16] will not have the 

correct behavior at the boundary to define a class in the Burgos-Kramer-Kiihn arithmetic 
- — -i 

Chow group CH K (Y*). The Green function appearing in Theorem IB] is constructed in the 
same manner as the Kudla Green function of |16) . and so it may be somewhat surprising 
that Theorem [B] holds. Then again, the compactification M <^-» M* is in some ways much 
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nicer than the toroidal compactification Y Y* (for example, the boundary of Y* is not 
smooth), and so it may be a mistake to infer too much about one from the other. 

A Hermitian lattice is a pair (A, h\) in which A is a finitely generated projective Ok~ 
module, and h\ is an O^-valued Hermitian form on A. The Hermitian lattice (A, h\) is self 
dual if the map A — > Homc) fc (A, Ok) defined by y t— > h\(-, y) is an isomorphism. 

The integers IndB(m) admit an elegant description in terms of Hermitian lattices. The 
complex orbifold M*(C) is disconnected. Its connected components are indexed by isomor- 
phism classes of pairs (2lo,2l) of self dual Hermitian lattices, where 2lo has signature (1,0) 
and 21 has signature (n— 1, 1). The 2to's index the connected components of M( 10 )(C), while 
the 2Ts index the connected components of M? _ 1 ^(C). The boundary components of M*(C) 
are indexed by isomorphism classes of triples (2lo, m C 21) where 2lo and 21 are as above, and 
m C 21 is an isotropic direct summand of rank one. Suppose B is the boundary component 
of M*(C) corresponding to the triple (2io,tn C 21). The Ofc-module Homo fc (2lo , 21) is a self 
dual Hermitian lattice in a natural way (its Hermitian form (•, •) is defined by (13.3.11) ). again 
of signature (n — 1,1), and contains 

a = Hom Ofc (2t ,m) 

as an isotropic direct summand of rank one. The quotient A = a ± /a is a self dual Hermitian 
lattice of signature (n — 2, 0), and 

Ind B (m) = G A : (x, x) = m}. 

The Hermitian lattice A has a nice description in terms of abelian schemes. The boundary 
component B of M*(C) corresponds to a complex point Aq G M( 10 )(C) (which is simply an 
elliptic curve with complex multiplication by Ok), and a boundary component of M^ n _ 1 ^ (C). 
Recall that this latter boundary component carries over it a family of short exact sequence 
of group schemes (|1.1.2|) over C, and that T and B are constant in the family. There is an 
isomorphism 

A = Home> fc (Ao, -B), 
where the Hermitian form on the right hand side is 

(fufi) = VUo ° f2 ° o h e End Ofc (A ) = O h . 

Here tpA an d ipB are the principal polarizations of Aq and B. Interpreting A in this way, 
the definition of IndB(m) is seen to mirror the definition (Definition I3.2.ip of the divisors 
KR(m). 

1.3. Intersections with CM cycles. Having constructed arithmetic cycle classes 

KR(m, v) G CHk(M*), 

we may complete a small part of the speculative program laid out in the introduction of 
[T5] . Let F be a totally real number field with [F : Q] = n (the same n used in the definition 
of M*), and define a CM field K = k ®q F. Assume that the discriminant of F is odd and 
coprime to dk- For a suitable choice of CM type $ of K, we define in Section B~T1 a cycle X$ 
of dimension one on M* ^, where 0$ is the ring of integers in a particular finite extension 
K&/Q. If n > 2 then K$, is the reflex field of (K, $). The cycle X$ is essentially the cycle of 
points with complex multiplication by Ok and CM type $. Associated to X$ is a canonical 
linear functional 

CHr(M*) -> R, 

denoted D <— > [D : X$] and called arithmetic intersection against X$. 
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The main results of [TS] consist of calculations of the intersection multiplicity of naive 
versions of X$ and KR(m) on the (non-compact, non-regular, and non-flat) Shimura variety 
M(i.o) x o fc M(>t™L i)- By reducing to the calculations of [TS], we are able to prove in Section 

14.21 a precise formula for [KR(m, v) : X$], and show that this value is related to the Fourier 
coefficients of Eisenstein series. 

More precisely, let £$(t, s) be the Hilbert modular Eisenstein series of weight one of [HJ 
Definition 4.1.1]. It is a nonholomorphic function of the variable r G H n in the product 
of complex upper half planes indexed by the n embeddings F — > R, and a meromorphic 
function of the complex variable s, vanishing at the center s — of its functional equation. 
If we pull back by the diagonal embedding ip : W — > H n and take the central derivative, we 
obtain a nonholomorphic modular form 

4Mt),0)= ]T C$ (m,?;). g m 

of the variable r = u + iv € H, where q = e 27 " r as usual. From the calculations of [15] 
we deduce the following result fTheorem 14.2.31 of the text), which is in accordance with the 
general yoga of Kudla's program [19] predicting relations between arithmetic intersections 
and Fourier coefficients of Eisenstein series. 

Theorem C. For any nonzero m£2, and any v S M + , 

p5(m,«):X.] = -^^^.o.(m,«). 

Here h{k) is the class number of k, w{k) is the number of roots of unity in k x , d^/F * s 
the discriminant of K / F , and r is the number of primes of F ramified in K , including the 
archimedean primes. 

Of course the right hand side of the equality of Theorem [Cl is defined even for m = 0, 
and it is natural to ask if the result can be extended to m = 0. The problem is finding 
the correct definition of KR(0,v). For example, it is reasonable to conjecture that there is a 
(necessarily unique) choice of KR(0,w) for which the formal generating series 

^KR(m, V ).q m eCTi(M*)((g)) 

(here q = e 27 ™ T and r = u + iv) is a nonholomorphic modular form, and that Theorem [C] 
holds at rn = for this choice. Let A denote the universal abelian scheme over M^J^ 1 y 
By definition of Kramer's moduli problem there is a universal subsheaf J- C Lie(A), and 
the quotient lAe(A)/F is a line bundle on l y Letting Aq denote the universal elliptic 

curve over M( 01 ), so that Lie(^o) is a line bundle on Mm ), we obtain the cotautological line 
bundle 

T = Hom(Lie(A ),Lie(A)/J") 

on the product M = M( 10 ) x^H^j t y It follows from Theorem 12 . 5.21 that the cotautological 

bundle has a canonical extension to the compactification M*. The desired class KR(0, v) 
should be defined endowing the cotautological bundle with some choice of metric depending 
on v, but the precise choice of metric is not obvious to the author. 
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1.4. Notation. Throughout the article fc, as above, is a quadratic imaginary field of odd 
discriminant — dk with a chosen embedding i : k — > C. Let 5k G k be the element determined 
by i{5k) — i ■ V~dk, where yfdk is the positive real square root of dk- Schemes are always 
assumed to be locally Noetherian and separated, and stack means locally Noetherian and 
separated Deligne-Mumford stack. If A — > S is an abelian scheme over an arbitrary base 
scheme, equipped with an action k : Ok — > End(j4), there is an induced action x H ► k(x) v 
on the dual abelian scheme A y . 

1.5. Acknowledgements. The author thanks Kai-Wen Lan for helpful correspondence. 
Portions of this research were conducted at the Fields Institute during the Spring of 2012, 
and the author thanks the Institute for its hospitality. 

2. Integral models of unitary Shimura varieties 

In this section we prove Theorem [A] of the introduction. The proof uses the same ma- 
chinery as [TTJ [23] [33J , and we omit those details that are adequately documented in the 
literature. 

We use the following notation throughout Section [2] If S is any O^-scheme, denote by 
is '■ Cfe - ^ Cs the structure morphism. Define two ideals J, J' C Ok ®i 0$ by 

J = ker(O fc <g> z O s > O s ) 

J = ker(O fc (8> z O s > Os) ■ 

Each is a locally free Os-module of rank one. In fact, if we choose any 7r G Ok for which 
Ok = Z © Ztt, then J and J' are generated as Os-modules by 

j=7T(8>1 — 1® «s(7r) and j' = 7T (8 1 — 1 ® £s(?F), 

respectively. Moreover, by direct calculation one may verify the exactness of 

(2.0.1) • • • 4 Ok ®% Os A O k ®z Os -4 O k ®z Os A • • • . 

2.1. The work of Pappas and Kramer. Fix nonnegative integers r and s, and let MT^X 6 
be the moduli stack of triples {A, k, tp), in which 

• A — > S is an abelian scheme over an O^-scheme S, 

• k : Ok — > End(v4) is an action of Ok on A satisfying the signature (r, s) condition: 
locally on S, k(x) acts on the Os-module Lie(^4) with characteristic polynomial 

(T-i s (x)y(T-i s (x)y eOslT] 

for every x £ Ok, 

• ip : A — > A v is an Ofe-linear principal polarization. 

The Ofe-stack M"^ 11 ™ ^ s sm0 °th over Ok[l/dk] of relative dimension rs, but at primes dividing 
dk it is not very well behaved. For example it need not be flat or regular. To remedy this, 
Pappas [29] defines 

M Pap M? ai \ e 
l \r,s) ^ ll (r,s) 

as the closed substack of triples (A, k, if)) G M" ) f 1 ™(S') satisfying Pappas's wedge conditions: 
the endomorphisms 

A s+ij . A «+i Lie (^) ^ A s+1 Lie(^) 

and 

A r+1 j" : A' r+1 Lie(^) -> A r+1 Lie(A) 
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are trivial. 

Remark 2.1.1. Suppose S — Spec(F) for a field F. It is easy to see that any finitely generated 
O k ®z F- module is a direct sum of copies of O k ® z F, (O k ® z F)/J, and (O k ®z F)/J'. If 
char(F) \ d k then 

O k ® z F S (O fc ® z F)/J (O fe ® z F)/J', 
and Pappas's conditions are equivalent to 

Lie(A) = ® z ¥)/j) r © ((Ok ®z F)/J') s . 
On the other hand, if char(F) | dk then 

(Ok ®z¥)/J^(O k ®i F)/J' 
and Pappas's conditions are equivalent to 

Lie(A) £ (O fe ® z F) Q © ((O fc ®z F)/J) b 
with 2a + 6 = r + s and a < min{r, s}. 

Fix an integer m > 1. In the easy case of signature (m,0), Pappas's wedge conditions 
are equivalent to the single condition j ■ Lic(yl) = 0, which is equivalent to Ok acting on 
Lie(j4) through the structure morphism is : Ok — > Os- Proposition 12 .1.21 below shows that 
the stack M^ P ^ has all the nice properties one could hope for, and hence from now on we 
will abbreviate 

M (m> o)=M^ , 0) . 

The category M( mj0 )(C) is easy to describe. There are only finitely many isomorphism 
classes of objects, and they are in bijection with the isomorphism classes of self dual Hcr- 
mitian lattices (93, /i«b) of signature (m, 0). The bijection identifies the pair (*B,/i<b) with 
the complex torus 

B(<C) = (K® 0h C)/25 

equipped with its obvious action of Ok, and with the polarization induced by the perfect 
symplectic form \p : 23 ®% 25 — > Z defined by 

(2.1.1) ip(v,w) = . 

Ok 

Note that each such B is isomorphic to a product of CM elliptic curves: if we fix an Ok- 
module isomorphism 23 = ©a*, where each o, is a fractional O^-ideal, then B(C) = J\ i C/o». 
This isomorphism need not identify the polarization on the left with the product polarization 
on the right. 

Proposition 2.1.2. The morphism Mr m m — > Spec(Ofc) is proper and smooth of relative 
dimension 0. 

Proof. Suppose that z £ M( m>0 )(F) is a geometric point, and let y g Spec(Ofc)(F) be the 
geometric point below z. To show that M( TO ) — > Spec(Ofc) is smooth of relative dimension 0, 
it suffices to prove that the corresponding map R y — > R z on completions of etale local rings 
is an isomorphism. Let (B z , n z , ip z ) be the triple over F corresponding to z. The algebraic 
dc Rham homology 

H« R (B Z /F) = Hom(Hl R (B z /¥),¥) 

is free of rank m over Ok<S>i,V. If F has characteristic zero this is obvious by comparison with 
Betti homology. If F has characteristic p > one first checks that the covariant Dieudonne 
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module D 2 of B z is free of rank in over Ok®zW(¥), and then uses the canonical isomorphism 
T> z ® w{r) W^H? R (B z /W). 

Recall the deformation theory of abelian schemes as in [23j Chapter 2] (which is essentially 
Grothendieck-Messing theory, but without any mention of divided powers). Denote by CLN 
the category of complete local Noetherian .R^-algebras with residue field F. A square-zero 
thickening is a surjection S — > S in CLN whose kernel / satisfies I 2 = 0. If B — > S is an 
abelian scheme then B always admits (by IV. 2. 8]) a deformation B — > S to any square 
zero thickening, and the de Rham homology Db(S) — Hf R (B / S) is canonically independent 
of the choice of B. Of course 

D B (S) ® § S^D B (S). 

The induced Hodge filtration Fil 1 H? R (B/S) C D B (S) does depend on the choice of B. The 
fundamental result is that 

B i y Fil 1 H 1 dR (5/S') C D B (S) 

establishes a bijection between the set of deformations of B to S and the set of 5-module 
direct summands of D B (S) lifting the Hodge filtration 

Fil 1 H? R {B/S) C D B {S). 

Now take S = F and B — B z , and abbreviate D — D Bz so that 

(2.1.2) D(¥) = H? R (B Z /F) = (O k ® z F) m . 

From the Hodge short exact sequence 

Fil 1 H$ R (B/S) -> D{¥) Lie(B z ) 

and j ■ Lie(S 2 ) = 0, it is clear that j ■ D(¥) C Fil 1 H? R (B / S). But both arc F-module direct 
summmands of D{¥) of rank m, and so j ■ D(¥) = Fil 1 H? R (B / S). 

Suppose S — > ¥ is a square-zero thickening. The deformations of (B Zl K z ,ip z ) to objects 
of M( m )(S') are now in bijection with the Ofc-stable S'-module direct summands Fil C D(S) 
of rank m lifting j ■ D(¥) C D(¥), satisfying j ■ (D(S')/Fil) = 0, and which are isotropic 
for the symplectic form (•,•) on D(S) induced by the polarization ip z . Using (|2.1.2[) . a 
Nakayama's lemma argument shows that D(S) = (Ok <8>z S) m , and it follows easily that 
Fil = j ■ D(S) is the unique such Fil (the isotropy condition is satisfied because (jx,jy) = 
(j'j x iy}, an d j'j = 0). In other words, (B Zl k z , ip z ) admits a unique deformation to an 
object of M( m o)(S')- Repeating the argument through successive square-zero thickenings in 
CLN shows that (B z , K z ,ip z ) admits a unique deformation to every Artinian object S of 
CLN. Such deformations are classified by Hom By (R z , S), which therefore contains a single 
point. Letting S vary over all Artinian quotients of R y and passing to the inverse limit, we 
find that Homjj s (R z , R y ) contains a unique element, which is easily seen to be the desired 
inverse of R y — > R z . 

Finally, we use the valuative criterion of properness to show that M(- m ) ~~ ^ Spec(Ofc) is 
proper. Let Of be a discrete valuation ring with fraction field F, and suppose we have 
triple (A,n,ip) corresponding to some map Spec(F) — > M( m ). We must show that A has 
potentially good reduction. If F has mixed characteristic (0,p) we may reduce to the case 
where F is finitely generated over Q, and fix an embedding F — > C. Now use the fact, 
noted earlier, that A/c is isogenous to a product of CM elliptic curves to see that A has 
potentially good reduction. 
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Now suppose that F and its residue field have equal characteristic. Fix an etale cover 
M — > M( m o) with M a scheme. After possibly enlarging F, the point Spec(-F) — > M( m ) 
admits a lift to a map Spec(F) — > A4. If x 6 M. is the image of this map, then our 
triple (A, K,ip) admits a model over the residue field k(x) C F. From the first part of the 
proposition we know that M. is actually etale over Spec(Ofe), from which it follows that 
k(x) is a finite extension of its prime subfield. The hypothesis of equal characteristic now 
implies that the subfield k(x) C F is actually contained in Of, and so (A, K,ip) has good 
reduction. □ 

Remark 2.1.3. Nowhere in the proof of Proposition 12 . 1 .21 did we use our permanent hypoth- 
esis that dk is odd. 

In contrast to the case of signature (m,0), Pappas's stack M^^s is not regular. To 
rectify this, Kramer [T7] has defined a new stack M^*^ as the moduli space of quadruples 
(A, k, ijj, F) over O fe -schemes S in which (A, K,ip) € M?^(S) S and T C Lie(A) is an te- 
stable Og-submodule satisfying Kramer's conditions: 

• the quotient sheaf Lie(A) / F is a locally free Os-module of rank one, 

• the action of Ok on F is through the structure map is '■ Ok — > Os, while the action 
on Lie(A)/F is through the complex conjugate of the structure map. Equivalently, 
j ■ F = and j' ■ Lie(A) C F. 

The following theorem is a summary of some of the results of Pappas and Kramer on 
these moduli spaces. 

Theorem 2.1.4 (Kramer [17], Pappas [29]). The stacks M^ p 1} and M^ a 1} are flat over O k 
of relative dimension m, and satisfy the following properties. 

(1) The stack M?™^ is regular. 

(2) The set Sing C M^ 1 ^ of points at which M^ 1 ^ — > Spec(Ofc) is not smooth has 
dimension zero, and is supported in characteristics dividing dk- 

(3) A geometric point (A, k,4>) G ^^^(F) defines an element of Sing if and only if 
j ■ Lie(A) = 0. This condition is equivalent to Ok acting on Lie(A) through the 
structure morphism if : Ok — > F. 

(4) Forgetting the subsheaf F defines a proper surjection p : M^ 3 ^ — > Wl/^^, which 
restricts to an isomorphism 



"(m'l) x P~ 1 (Sing) M^^j \ Sing. 



The inverse of this isomorphism is (A,n,ip) i— > (A, n, ip, F), where 
F = kcr (j : Lie (A) -> Lie(A)) . 



(5) 



Suppose Spec(F) -> is a geometric point contained in the singular locus Sing. 

The fiber 



Mf£i) x M p,P y Spec(F) 



(6) 



is isomorphic to the projective space P^.. 
&ase change to Ok\\/dk], the maps 



M; 



rKra 
(m,l) 



[Pap 
'(m,l) 



-> M' 



riiaivc 



(m,l) 



become isomorphisms. 
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As a point of notation, in what follows we usually write (B, k, tpi) for points of the moduli 
space M( m _x,o) ; and (A k, tp) for points of M^iY 

2.2. The Kodaira-Spencer map. Let O be an Ofc-algebra, and S a smooth O-scheme. 
For any S'-valued point 

(2.2.1) (A.K.VOeH^S) 
there is a Kodaira-Spencer map 

(2.2.2) $ KS : Uc(A)* (g> 0s He(A)* -> fl£ /0 

defined in [521 Chapter 2]. Here Lie(A)* is the Os-dual of Lie(-A). The Kodaira-Spencer 
map factors through the quotient sheaf 

Lie(A)* ®o s UeWVi^^na^ . ^WT). 

This quotient sheaf is locally free if dk € O x , but this seems to be rarely the case otherwise. 
Because of this, the statement analogous to 23, Proposition 2.3.5.2] in our setting is not 
quite correct, but the same proof yields the following weaker result. 

Proposition 2.2.1. Suppose the tuple H2.2.1\) corresponds to a morphism 

/:^(<: P i)^Sing) /0 . 

The morphism f is unramified if and only if the Kodaira-Spencer map V2.2.2)) is surjective. 

2.3. Degenerating abelian schemes. Fix a projective Ofc-module n of rank one, let n be 
the associated constant Ofc-module scheme over Spec(Z), and denote by T n = Spec(Z[n]) 
the split torus with character group Hom(T n ,G m ) = n. In what follows, X is a stack over 
Ofc, Z <^-» X is a closed substack, and U C X \ Z is a dense open substack. 

Definition 2.3.1. A semi-abelian scheme over X is a smooth commutative group scheme 
G — > X, such that for every geometric point Spcc(F) — > X the fiber G rg is an extension 

of an abelian variety by a torus. 

Definition 2.3.2. A degenerating abelian scheme of type n relative to {X, Z, U) is a quadru- 
ple (G, k, ip, n) in which 

• G is a semi-abelian scheme over X, such that G/u is an abelian scheme, 

• k : Ok — > End(G/;j) is an action of Ok on Gm, 

• tp : G/u — > G^jjj is an Ofc-linear principal polarization, 

• there is an abelian scheme Bz over Z equipped with an Ofc-linear action, and an 
Ofc-linear exact sequence 

-> T n/Z G /z -»■ B z ->■ 0. 

By [23j Proposition 3.3.15], the action k : Ofc — > End(G/j/) of the second condition extends 
uniquely to an action of Ofc on G, so the property of Ofc-linearity in the final condition 
makes sense. 

Definition 2.3.3. Degeneration data of type n relative to the triple (X, Z, U) consists of a 
septuple (B, k, ip, n, c, c v , r) in which 

• B — > X is an abelian scheme, 

• k : Ofc — » End(B) is an action of Ofc on i3, 

• ip : B — > i? v is an Ofc-linear principal polarization, 
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• n is a projective O^-module of rank one, 

• c : H/x — * ^ V an d c v : — > £? are Ofc-module maps satisfying c = ?/> o c v , 

• r is a positive, symmetric, Ofc-linear isomorphism 

Ui x ly/t/ v / l(nxn)/u 

of G m -biextensions on (n x n)/j/. Here P is the Poincare sheaf on B x B y . 

The entry r requires some further explanation. To give a G m -biextension on n x n is 
equivalent to giving a collection of invertible sheaves {C(fx, v)}/(j.,v)enxn on X, together 
with isomorphisms 

+ A*2, ^) = C(/j,i,u) <g) C(p2,v) 

and 

i/j + 1^2) = ^1) ® ^(Mj ^2) 
satisfying certain partial group law axioms. Each pair (/x, 1/) determines sections c(y) : X — > 
£? v and c v (/x) : X — >• B, and the biextension (c v x c)*V~ x corresponds to the collection of 
sheaves £-p(/z, i^) _1 , where 

Cp(ji,v) = (c v ( M ) x c{v))*V. 
There are canonical isomorphisms 

(2.3.1) Csp(p,i>) = C-p(v, fi) C-p(xpb,v) = £-p(p,xv) 

reflecting the symmetry and O^-linearity of the polarization ip. The trivial biextension 
Inxn corresponds to the constant collection of invertible sheaves £triv(M> v ) — ®x- Thus 
the isomorphism t is determined by a collection of trivializations 

The conditions of symmetry and O^-linearity on r are that t(jj,, v) — t{v, fi) and r(x/i, v) = 
t(jj,,xv) under the identifications (|2.3.ip . The condition of positivity is that for every /i£n, 
the isomorphism r(/z, /i) extends (necessarily uniquely) to a homomorphism 

and that if /z ^ this homomorphism becomes trivial after restricting to Z. 

We next recall one of the fundamental results of Mumford and Chai-Faltings 11 : an 
equivalence of categories between degenerating abelian schemes and degeneration data. Sup- 
pose that R is a Noetherian normal domain complete with respect to an ideal I satisfying 
rad(J) = /. For the remainder of this subsection, 

{X, Z, U) = (Spec(ii), Spec(i?/J), {rj}), 

where r\ is the generic point of Spec(i?). For the proof the following fundamental result, see 
PU Corollary III.7.2] or [H Theorem 5.1.4]. 

Theorem 2.3.4. The category of degeneration data relative to (X, Z, U) is equivalent to the 
category of degenerating abelian schemes relative to (X, Z, U) ( in both categories, morphisms 
are isomorphisms in the obvious sense). 

For us, the equivalence of the theorem is mostly a black box. However, we do need to 
know at least some information about how a degenerating abelian scheme (G, k, i/j, n) is 
related to its associated degeneration data (B, k. n, c. c , r). In particular, we need to 
know how the Lie algebras of G and B are related. The relation we need is provided by 
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the theory of Raynaud extensions as in [111 Chapter II. 1] or [231 Section 3.3.3]: if we set 
Xi = Spec(i?/7 ), then for every I there is an O^-linear short exact sequence 

T n/Xl -> G /x , -> B /Xe 0. 

Passing to Lie algebras and then taking the inverse limit over £, we find a short exact 
sequence of i?-modules 

(2.3.2) -> n* ® z R -> Lic(G) -> Lic(B) -> 0, 

where n* = Hom(n, Z) = Hom(G m , T n ) is the cocharacter group of T n . 

Our definition of degenerating abelian scheme is rather restrictive. For example, it only 
allows for G/z to be an extension of an abelian scheme by a torus of the form T n . That is, 
a torus whose character group is projective of rank one over Ok- The following lemma tells 
us that such extensions are the only ones that need concern us. Keep (X, Z, U) as above, 
but assume also that R is an O^-algebra. 

Lemma 2.3.5. Suppose (A,n,ip) € V^^^JU), and that A = G/u for some semi-abelian 
scheme G over X . Suppose also that G/z sits in an Ok-Unear exact sequence 

-> T z -> G/z -> B z -> 

where Tz is a nontrivial split torus over Z , and Bz is an abelian scheme. There is an 
isomorphism Tz = T n /z for some projective Ok-module n of rank one. In other words, 
(G, K, ip, It) is a degenerating abelian scheme. Furthermore, if (B,K,ip,n,c,c v ,r) is the cor- 
responding degeneration data, then 

(B,K,ip) € M (m _ 1)0) (X). 

Proof. By the theory of Raynaud extensions alluded to above (and Groethendieck's formal 
existence theorem), the group schemes Tz and Bz lift to a split torus T over X, and an 
abelian scheme B over X, both with O^-action, in such a way that for every positive integer 
I one has an exact sequence 

-> T /Xt -> G /Xe -> -> 0. 

Taking Lie algebras and passing to the limit, we find an exact sequence 

-> X*(T) ® z i?^ Lie(G) -> Lie(B) -> 

where X*(T) is the cocharacter group of T. We must first show that X*(T) has rank 1 as 
an Ofe-module. Suppose not, so that X*(T) ®^ R v is free of rank r > 2 over Ok ®z Rtj- Let 
ei, e2, . . . , e r be generators of X*(T) ®i R q as a Ofc ®z -R^-module. Recalling that Ofc = 
Z © Zw, the set ei, 7rei, e2, 7re2 can be extended to an i?^-basis of Lie(A) = Lie(G) <S)r R v . 
From this it follows that 

(jei) A (je 2 ) = (7rei + ijj(7r)ei) A (7re 2 + jfl(7r)e 2 ) 7^ 0, 

contradicting our assumption that (A, k, iJj) satisfies Pappas's wedge conditions. This shows 
that r = 1, and so T = T„ where n* = X*(T). 

Now that we know (G, k, n) is a degenerating abelian scheme, to complete the proof 
we must show that the corresponding degeneration data (B,n,ip) satisfies j ■ Lie(B) = 0. 
From (|2.3.2|) we find the exact sequence 

->• O k ®-l Rji ~> Lie(A) -> Lie(B) ® R R v -t 0. 

But Remark 12.1.11 tells us that 

Lie(A) = (O k ®z R v ) 8 {{O k ® % R v )/J) m ~ l . 
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It follows that j kills Lie(B) ®r R v , and hence also kills Lie(-B). □ 

The following lemma is a partial converse to Lemma 12.3.51 

Lemma 2.3.6. Suppose (B, n, ij), n, c, c v , r) is degeneration data relative to (X,Z,U), and 
assume (B, k, ip) G M( m „ 1 ^(X). If {G, n, if), n) is the associated degenerating abelian scheme, 
then 

Moreover, the R-submodule J- = kcr(ji : Lie(G) — > Lic(G)) of Lie(G) satisfies Kramer's 
conditions, and in particular 

Proof. As an Ok ®z i?-module, Lie(B) = i? m_1 , where Ok acts on R through the structure 
map i,R : Ok — > R- That is, R = (Ok <S>z R)/J- The exact sequence (|2.3.2|) may therefore 
be rewritten as 

-> n* ® z R -> Lic(G) -> iT 1 " 1 -> 0. 
Using the exactness of (|2.0.1I) . the free resolution 

• • • 4 O k ® z O s A O fc ®z O s 4 O fe ®z O s x ® v ^ lR(x)v ) R _> o 
of i? allows us to compute 

Ext^^n* ® z i?)=0 
for i > 0. Thus ([2X2]) splits and 

Lie(G) S (n* <g) Z i?) © iT" -1 
as Ofc <8>z i?-modules. All claims now follow easily. □ 

2.4. Construction of boundary charts. Fix a projective Ofc-module n of rank one. We 
now construct a closed immersion of Ofe-stacks s n : Z„ <->• X n equipped with tautological 
degeneration data of type n relative to (X n , Z n , U n ), where U n — X n \ Z n . The stack X n 
will have the structure of a line bundle over Z n , and s n is the zero section. 
For a scheme S over M( m _ 10 ) set 

Z n (S)=Rom 0h (n /s ,Bj s ), 

where (B,K,ip) is the universal object over M( m _ 10 ). By [23l Proposition 5.3.3.10] the 
functor Z n is represented by a smooth proper stack over M( m _ 10 ), denoted again by Z n , 
of relative dimension m — 1. After pulling back the triple (B,K,ip) to Z n one obtains a 
tautological Ofc-linear morphism c : n — » £> v of stacks over Z n . Set c v = V' -1 °c:n^B. 
Our assumption that <ifc is odd implies that 

Q n = Sym|(n)/((x/x) ®v- ^i® (xv) : x € O k , fi,v e n), 

is a free Z-modulc of rank one. Let E n be the torus over Spec(Z) defined by 

E n = Hom(Q n ,G m ). 

The group law on Q n will be written additively. An ordered pair (ix, v) G n x n determines 
sections /i, ^ : Z n — > n, which in turn define morphisms c v (/i) : Z n — > i? and c(i/) : Z n — ► £? v . 
The pullback 

= (c v (ix) x c(i/))*P 
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of the Poincare sheaf V on B x B y is an invertible sheaf on Z n . Up to canonical isomorphism, 
the sheaf £-p(/i, v) depends only on the image of fi ® v in Q n . Thus we may associate an 
invertible sheaf C-p (q) to each q € Q n in such a way that 

C v {qi + q 2 ) = C v {qi) (g) C v (q 2 ) 

canonically. These isomorphisms define an 0^,, -algebra structure on the sheaf Ojj n = 
(J) gG g C-p(q), which is therefore the structure sheaf of a Z n -stack 

[7 n = Spec, ( £ P (<?)). 
<?eQ„ 

For each g € Q n , multiplication in Ou n defines an isomorphism of Oz n -modules C-p{q) ® 
Ou n —> Ou„- Thus, after pullback via U n —> Z n each of the sheaves C-p(q) acquires a 
canonical trivialization, and dualizing yields isomorphisms 

r(q) : Un -> M?)" 1 

of sheaves of Ojj n -modules. This collection of isomorphisms defines an isomorphism of G m - 
biextensions 

T : lnxn -> (C V X C)^- 1 

over (n x n) /[/„ . 

The R- vector space Q n ,R = Qn <8>z K has a notion of positivity 

<2n,R = {M ® A* e Qn.K = A* £ n R}: 
and there is an induced ordering > on Q n . Define a partial compactification U n — > X n by 

X n = Spcc Zn (0£ P (?)). 

The ideal sheaf 

2 n = 0£ P (( Z ) 

?>o 

defines a closed substack of X n canonically identified with Z n . On the other hand, the 
inclusion Oz„ — > Ox„ induces a morphism X n — > Z n , giving A n the structure of a vector 
bundle over Z n . In particular, X n is smooth of relative dimension m over O^. We now have 
tautological degeneration data (B, k, ip, n, c, c v , r) relative to (X n , Z n , U n ). Let 

z = \Jz n , 

n 

where the union is over the isomorphism classes of projective O^-modules of rank one. The 
stack Z is smooth and proper over Ok of relative dimension m — 1, and will soon become 
the boundary of our compactification of M?^. 

2.5. Attaching the boundary. We next attach Z onto Ml™^. For each geometric point 
z of Z n let i? z = Ox„.z be the etale local ring of X n at z, and let 7 2 c R z be the ideal 
defined by the divisor Z n — > X a . Let be the completion of R z with respect to I z , and 
let r] z and 77^ denote the generic points of R z and R£, respectively. As X„ is smooth over 
Ok, the Ofc-algebras R z and i? 2 are Noetherian normal domains. Applying Theorem 12.3.41 
to the pullback of the tautological degeneration data relative to (X n , Z n , U n ), one obtains a 
degenerating abelian scheme i^G Zl ^ n z , ^ip z , n) relative to 

(X Z A , (7 Z A ) = (Spec(^), Spec(^// Z ), {^}). 
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For every etale neighborhood X^ — > X n of a geometric point z, define a closed subscheme 
ofX^by 

2 (l) = 2.xi„X W , 

and an open subscheme 

U {z) = U n x Xn X {z \ 

Proposition 2.5.1. For every geometric point z of Z n there is an etale neighborhood 

X {z) -> X n 

of z and a degenerating abelian scheme (G^ z \ k^ z \ ip^ z \ n) relative to (X^ , Z^ z \lJ^) with 
the following properties. 

(1) There exists a ring automorphism 7 : R z — > R z inducing the identity on R z /I z 
such that 

where the left hand side is the pullback of {G^ z \ kS z \ ij)( z ') via the canonical map 
Spec(-R^) X^ z > , and the right hand side is the pullback of ( G z , k z , ip z ) v ^ a 

(2) The tuple (G^ Z ',K^ Z ',^ Z ') m(*) defines an etale morphism 

U {z) -> ^Z) x Sing. 

(3) The subsheaf = ker(j : Lie(G^) ->■ Lie(G( z )) o/Lie(C?W) satisfies Krtimer's 
conditions. 

Proof. The degenerating abelian scheme (^G z , ^ n Zl ^ip z , ti) need not descend to a degener- 
ating abelian scheme relative to 

(2.5.1) (X z , Z z , U z ) = (Spec(i? z ), Spec(JJ,/I,), {r, z }) 

but it can be approximated arbitrarily closely by degenerating abelian schemes that do 
descend. This means that, as in [TTJ Proposition IV. 4. 3] or [23l Proposition 6.3.2.1], there 
is a degenerating abelian scheme (G z , K z ,tp z , n) relative to (|2.5.1|) and a ring automorphism 
7 £ Aut(R z ) inducing the identity on R z /I z such that 

(G z ,kM /x . =7*CG z V Kz ,Vi> z ). 

Moreover, if we denote by Ok, z the strict Henselization of Ok at z, the Kodaira-Spencer 
map 

Ue{G z/Us )* ® RMiflt Lie(G z/u J* -> {^ x ,/o h J /Uz 
of (|2.2.2[) extends, as in [23l Proposition 6.2.5.18], to a surjection of -R^-modules 

(2.5.2) Lie(G z )* ® Rz Ue(G z )* -> Q Xz/0h Jdlogoo), 

where ^ Xz/0k z (dlog 00) = ^ Xz/0h z ®r z l£. 

As in [TTJ Proposition IV. 4. 4] or [531 Proposition 6.3.2.6], there is some etale neighbor- 
hood X^ z ' of z in X n such that (G z , K z ,tp z ) descends to a degenerating abelian scheme 
(GW,«;W,V W ,n) relative to {X^ z \ Z^ z \ By Lemma[2X6l the subsheaf 

T {z) = ker(j : Lie(G (z) ) -> Lie(G (z) )) 

satisfies Kramer's conditions locally at z, and so after shrinking V^^ 1 we may assume that 
it satisfies these conditions everywhere on X^ z \ In particular, 



16 



BENJAMIN HOWARD 



and the map 



Tjiz) _j> M Pap 
u ^ (m,l) 



corresponding to (G^ z \ K^ z \ij)^ z ') does not meet the singular locus Sing (this is clear from 
the characterization of Sing found in Theorem 12. 1.4[) . Combining the surjectivity of (|2.5.2[) 
with Proposition 12.2. II shows that after further shrinking the map — > M^ p ^ is 
unramified. By [331 Corollary 6.3.1.13] it is also etale. □ 

As M^^jn — > M/^jn is an isomorphism away from the closed set Sing, each of the maps 
jj( z ) M^p.^ of the proposition admits a unique lift to an etale morphism 

770) —5. ItfKra , 

By the quasi-compactness of Z n , we may choose finitely many geometric points z so that 
the union of the images of XW — > X n cover Z n . Letting n vary over all isomorphism classes 
of projective ©/--modules of rank one, let X be the disjoint union of the finitely many Xw's 
so constructed, and let U C X be the disjoint union of the finitely many U^'s. The obvious 
map 

is an etale surjection, and realizes M/^q as the quotient of M^™^ UU by an etale equivalence 
relation 

Ro -> (M^ a 1} U U) x Gk (Mf^) U U). 

The normalization of (mS^n U X) x Ck (M^s U X) in R defines a new stack, R, sitting in 
the commutative diagram 

R •< Rq 



(Mf- X) U X) X Qh (M*» } UX)< (Mf- X) U U) X Qk (Mf- X) U U). 

Exactly as in [IX Proposition IV. 5. 4] or [23l Proposition 6.3.3.13], the morphism r is an 
etale equivalence relation. Let M? m ^ be the quotient of M^ f 1 j a 1 ^ U X by r. The following 
theorem summarizes the important properties of M? ^ . All of the claims are clear from 
the construction, except for properness. Properness is proved using the valuative criterion 
and Lemma [2.3.51 exactly as in 23, Proposition 6.3.3.17] or the discussion following [TT| 
Definition IV. 5. 6]. 

Theorem 2.5.2. The stack M* m x % is regular. It is proper and flat over Ok of relative 
dimension m, and is smooth over Ok[l/dh\- It contains Z as a closed codimension one 
substack, smooth over Ok, and contains M?^ 3 ^ = M* m ^ \ Z as an open dense substack. 

Moreover, the universal abelian scheme with Ok-action, A, ewer M^ 1 .^ extends to a semi- 
abelian scheme with Ok-action, G, over M* m x y At a closed geometric point Spec(F) —¥ Z of 
the boundary, the semi-abelian scheme G is an extension 

of an abelian scheme B by a torus. The character group of T is a projective Ok-module 
of rank one, and B extends in a canonical way to a triple (B,n,ip) G M( TO _ 10 )(]F). The 
universal sub sheaf T C Lie(A) extends canonically to a sub sheaf J 7 C Lie(G), which again 



COMPLEX MULTIPLICATION CYCLES AND KUDLA-RAPOPORT DIVISORS II 



17 



satisfies Kramer's conditions. On the complement of the divisor p (Sing) C M? ml s, the 
sub sheaf J- is the kernel of j : Lie(G) — > Lie(G). 

2.6. Galois action on boundary components. Recall from Section POl that M( OT _ 1)0 )(C) 
has finitely many isomorphism classes of objects, which are indexed by isomorphism classes 
of self dual Hermitian lattices (23, h<s) of signature (m — 1, 0). Under this correspondence 

(2.6.1) (23, h*) H. (23 <g> 0fc C)/23 

where the complex torus on the right hand side is equipped with its obvious action of Ok, 
and with the principal polarization induced by the symplectic form (|2.1.1[) . 

Definition 2.6.1. A cusp label is an isomorphism class of pairs (n, 23) in which n is a 
projective Ofc-module of rank one, and 23 is a self dual Hermitian lattice of signature (m — 
1, 0) (we suppress the Hermitian form h<g from the notation). 

Every connected component of Z(C) is contained in Z n (C) for some projective rank one 
Ofc-module n. As Z n is, by construction, a stack over M( m _ 10 ), the connected component 
also determines a point of M( m _ 1 ) (C), and hence a positive define self dual Hermitian lattice 
23 as above. This establishes a bijection between the connected components of Z(C) and the 
cusp labels (n, 23). The boundary Z(C) carries over it a family of semi-abelian schemes with 
Ofc-action. As z e Z(C) varies over the component indexed by (n, 23), the corresponding 
semi-abelian scheme G z varies over all extensions 

(2.6.2) -> T n/C -> G z ^ (23 ® 0k C)/23 -> 0. 

In what follows, all tensor products are over Ok ■ For an Ofc-module M, write M*. = M ®fc. 
Given a fractional O^-ideal s and a positive definite self dual Hermitian lattice 23, we obtain 
a new positive definite self dual Hermitian lattice 23 (8 s -1 . The new Hermitian form is 

h&® s -i (x, y) = Nm(s) ■ h<s(x,y), 

where we identify (23 <g)S~ 1 )k — 23& using the obvious isomorphism (s _1 )fc = k. Let H be 
the Hilbert class field of k, C\k the ideal class group, and 

rec fc : Cl fe ^ Gal(H/k) 

the reciprocity map of class field theory. 

Proposition 2.6.2. The action of Gal(fc alg /fc) on the components o/Z/ fc ai g factors through 
Gal(H/k). For any s G Clfc, the Galois automorphism recfc(s) carries the irreducible com- 
ponent indexed by (n, 23) to the component indexed by (n, 23 (g)S _1 ). 

Proof. The Galois automorphism 

M (ro -i,o)(C) ^M Cm _ li0) (C) 

corresponds, under the bijection (|2.6.1I) . to 

(S.ft®) (23<g)s- 1 ,/i< 8 ^-i), 
where s is any fractional ideal representing the image of a under 

Aut(C/fc) -> G&\{H/k) = Clfc. 

Of course this is identical to the formula for the Galois action on elliptic curves with complex 
multiplication; the details of the proof will appear in pQ . Both claims now follow by applying 
a throughout ([2"X2l . □ 
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There is an alternate way to parametrize the components of Z(C). Suppose we start with 
a pair m C 21 in which 21 is a self dual Hermitian lattice of signature (m, 1), and m is an 
isotropic direct summand of rank one. A normal decomposition of m C 21 is an O^-module 
direct sum decomposition 

2t = mffi25ffln 

in which n is an isotropic direct summand of rank one, and 23 = (m © n) . For any such 
decomposition m = m © 23. Furthermore, the Hermitian form on 21 restricts to a perfect 
pairing m x n — > Ok, and makes 23 = m^/m into a positive definite self dual Hermitian 
lattice of signature (m— 1,0). 

Proposition 2.6.3. Every pair m C 21 as above admits a normal decomposition. The rule 

m c 21 1 y (a/nr 1 , m^/m) = (n, 05) 

establishes a bijection between the isomorphism classes of pairs m C 21 as above, and the set 
of cusp labels. 

Proof. Denote by (•, •) the Hermitian form on 21. It's easy to see that m 1 " is a projective 
Ofc-module of rank m, and that 2t/m is projective of rank 1. Hence 

21 = m 1 © n 

for some rank one direct summand n C 21. In particular, (m,n) ^ 0. We now modify n 
to make it isotropic. Fix e £ rrifc and e' £ rik such that (e, e') = 1. There are fractional 
Ofc-ideals no and mo such that m = moe and n = noe'. The Hermitian form on 21 restricts 
to a perfect pairing between n and m, and hence mono = Ok- 

Because we assume that dk is odd, the trace map Ok — > Z is surjective. It is easy to see 
that (e', e') £ N(mo)Z, and therefore we may choose am e N(mo)Ofc with x + x = — (e', e'). 
Now replace n by no(xe + e'). It is still true that 21 = m^ © n, but now n is isotropic. 
Defining 23 = (mffi n) 1 - gives the desired normal decomposition. 

For the second claim, start with a cusp label (n, 23). Let m be the set of O^-conjugate 
linear maps n — > Ok, and let Ok act on m by (x ■ /i)(^) = x ■ /i(^). Define a Hermitian 
form on m © n by (//i + v\, fi 2 + ^2) = ^1(^2) + ^2(^1), and make 21 = m © 23 © n into a 
Hermitian lattice in the obvious way, with 23 _L (m © n). The construction (n, 23) H> m C 21 
is surjective, by the existence of normal decompositions, and is easily seen to give an inverse 
to the map in the statement of the proposition. □ 

Remark 2.6.4. Proposition ^. 6 . 3l is false without the hypothesis that dk is odd. For example, 
endow 21 = Ok © Ok with the signature (1,1) Hermitian form 



(x,y) = t x 

and let 



1 

1 1 



m = O k 



1 

' 

If dk is even, the pair m C 21 does not admit a normal decomposition. 



3. Arithmetic divisors 
Fix a positive integer n and consider the flat and regular Ofe-stack 
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constructed in Section [21 In a slight change from earlier notation, we now denote by Z the 
boundary Z = M* \ M with its reduced substack structure. It is a divisor on M* , proper and 
smooth over Ok- 

The stack M is the moduli stack of septuples (A , k , ipo,A, k, tp, J 7 ) in which A — > S is 
an elliptic curve over an O^-scheme, ipo is its canonical principal polarization, n : Ok — > 
End(A ) is an action of Ok on A whose induced action on Lie(A ) is through the structure 
morphism ig : Ok — > Os, A is an abelian scheme over 5, k : Ok — > End(A) is an action of 
Ok on A, ip is an Ofc-linear principal polarization of A, and T C Lie(A) satisfies Kramer's 
conditions. For simplicity we will usually shorten such a septuple simply to (Aq, A) 6 M(5). 

We will construct special divisors KR(m) on M. These divisors come equipped with natural 
Green functions, and we will analyze the behavior of these Green functions near the bound- 
ary of M* . The goal is to show that adding a particular R-linear combination of boundary 



components to KR(m) yields a class in the arithmetic Chow group CH R (M*). 

3.1. Arithmetic Chow groups. The work of Gillet and Soule [H Ell [35] gives us, for any 
flat, regular, and proper O^-scheme of finite type, a theory of arithmetic Chow groups formed 
from cycles equipped with Green currents, up to a suitable notion of rational equivalence. 
Burgos-Kramer-Kuhn [6j [7] extended this theory by allowing the use of Green currents 
with certain mild log-log singularities along a fixed normal crossing divisor. The original 
Gillet-Soule theory was extended from schemes to algebraic stacks by Gillet il2:, but that 
work does not allow for the log-log singularities covered in [TJ. We will be working with 
Green functions on the stack M* with log-log singularities along the boundary, so we need a 
common generalization of [12] and [7J . Doing this in full generality is a task best left to the 
experts, so we will develop in an ad hoc way only the minimal theory we need. 

Definition 3.1.1. Suppose M* is a complex manifold of dimension n — 1, Z C M* is a 
smooth codimension one submanifold, M = M* \ Z, and z 6 Z. On some open neigh- 
borhood V C M* of Zq there are coordinates q,Ux,..., w n _2 such that Z is defined by the 
equation q = 0. After shrinking V we may always assume that log | Q — 1 1 > 1 on V. The 
open set V and its coordinates are then said to be adapted to Z. 

Definition 3.1.2. Suppose / is a C°° function on an open subset U C M. We say that / 
has log-log growth along Z if around any point of Z there is an open neighborhood V and 
coordinates q,m, . . . ,u n —2 adapted to Z such that 



on £/D V. A smooth differential form u on U has log-log growth along Z if around any point 
of Z there is an open neighborhood V and coordinates q,u\, . . . , u n -i adapted to Z such 
that w|c/ n v lies in the subalgebra (of the C°°(U fl V)-algebra of all smooth forms on UtlV) 
generated by 



l 



(3.1.1) 



/ = 0(loglog|(?- 1 |) 



dq dq 



,dui, 



. , du n -2,dui, ...,du., 



q\og\qY q\og\q\ 



'71-2, 



and the functions satisfying (|3.1.1[) . 



Remark 3.1.3. Our definition of log-log growth is slightly stronger than that of 7 a . What 
we call log-log growth, those authors call Poincare growth [7 : , Section 7.1]. 
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Remark 3.1.4. A smooth function / on an open subset of M is a pre-log-log form if /, df, 
df, and ddf all have log-log growth along Z . We will not use this terminology, but mention 
it for ease of comparison with [7] , where this term is used routinely. 

The notion of log-log growth can be extended from complex manifolds to the orbifold 
fibers of M* in the following way. It is always possible to write M* (C) as the quotient of a 
complex manifold M* by the action of a finite group H. For example, by (as in [23j [24] ) 
adding level structure to the moduli problem defining M(C) and then compactifying the 
result. In any case, the morphisms of complex orbifolds 

Z(C) M*(C) <r- M(C) 

arise as the quotients of if-invariant morphisms of complex manifolds 

Z ->• M* 4- M 

with 7i-actions. A smooth form on the orbifold M(C) pulls back to a smooth if-invariant 
form on the complex manifold M, and is said to have log-log growth along the boundary 
Z(C) if the corresponding i7-invariant form on M has log-log growth along Z. 

Let D be a divisor on M* with real coefficients, and write D — "ijDj as a finite R- linear 
combination of pairwise distinct irreducible closed substacks of codimension one. We allow 
the possibility that some are components of the boundary Z. In our applications such 
boundary components will appear with real multiplicities, while the non-boundary D^'s will 
have integer multiplicities. 

Definition 3.1.5. A Green function for D consists of a smooth real-valued function Gr(D, •) 
on 

M(C) \ Sppt(D(C)). 

satisfying the following properties 

(1) The function Gr(D, z) has a logarithmic singularity along D in the following sense: 
around every point of M* (C) there is an open neighborhood V and local equations 
ipi(z) — for the divisors Di(C) such that the function 

£{z) = Gr(D, z) + m * lo § \Mz)\ 2 

i 

onVn (M(C) \ Sppt(D(C))) extends smoothly to U = V n M(C). 

(2) The forms £ , d£, d£, and dd£ on U have log-log growth along Z(C). 

As a simple example, if / is any rational function on M* then log |/| 2 = log |/| 2 is a Green 
function for the divisor div(/). 

Remark 3.1.6. As in [28] or [7] Proposition 7.6], the log-log growth of £ and of 

dd£ = -2iti- dd c £ 

imply that both £ and dd c £ are locally integrable, and so define currents on M*(C). The 
log- log growth conditions further imply the equality of currents [dd c £ ] = dd c [£] , from which 
one deduces the Green equation 

[dd c £] =dd c [Gr(D,-)]+6 D 

of [H Definition 1.2.3]. 
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Definition 3.1.7. An arithmetic divisor on M* is a pair (D, Gr(D, •)) consisting of a divisor 
D on M* with real coefficients, and a Green function for D. A principal arithmetic divisor is 
an arithmetic divisor of the form 

div(/) = (div(/),-log|/| 2 ) 

for some rational function / on M*. The codimension one arithmetic Chow group CH R (M*) 
is the quotient of the K- vector space of all arithmetic divisors by the K-span of the principal 
arithmetic divisors. 

Let X be a regular algebraic stack, finite and flat over Ok ■ In particular X has dimension 

one. The stack X has an arithmetic Chow group CH R (X) associated to it, defined exactly as 
with M* (with X = X*). Of course the study of Green functions for divisors on X is simplified 
by the fact that X has all of its divisors supported in nonzero characteristic. Thus a Green 
function for a divisor D on X is simply any function on the O-dimensional orbifold X(C). 

Now suppose X is equipped with a representable morphism tt : X — > M. The finiteness of 
X over Ok implies that tt is a proper map. In particular, the Zariski closure of the image of 
X in M* does not meet the boundary. We will construct a pullback map 

tt* :CH R (M*)^CH R (X). 
Suppose D is an irreducible divisor on M* intersecting X properly, in the sense that 

xn D = X x M » D 

has dimension 0. Of course this is equivalent to X and D having empty intersection in the 
generic fiber of M*. The Serre intersection multiplicity at a geometric point z 6 (X n D)(fc) 
is defined by 

/f rre (D : X) = ^(-l)Wh OinD , a Torf»-(0 x , 2 ,a,,), 

£>0 

where all local rings are for the etale topology. From z we may construct a divisor [z] on X 
as follows. Fix an etale presentation X — > X with X a scheme. The fiber product z = X x x z 
is a scheme, and is finite etale over z — Spec(fc). Thus z is a disjoint union of copies of 
Spec(fc), say z — \_\zi, where each Zi is a geometric point of X. Let [zi\ denote the image 
of zi : Spec(/c) — > X, so that [zj\ is a closed point of X. Then [z] — J2i z i\ ^ s a divisor on X, 
and descends uniquely to a divisor on X denoted [z]. Define a divisor on X 

tt*D = 4 Se ™(D : X) • [*]. 

zG|XnD 

Here |XDD| is the topological space underlying the Ofc-stack XHD, in the sense of [UJ Chapter 
5]. Each point z £ |X n D| is, by definition, an equivalence class of maps z : Spec(fc) — > X n D 
with k a field, and we may always choose a representative of this equivalence class for which 
k is algebraically closed. Extend the definition of 7r*D linearly to all divisors D with real 
coefficients whose support meets X properly. If Gr(D, •) is a Green function for such a divisor 
D, then the image of the orbifold morphism X(C) — > M*(C) is disjoint from the divisor D(C), 
as well as from the boundary of M*(C). Thus the image of X(C) — > M(C) is disjoint from all 
singularities of Gr(D, •), and so we may form the pullback 7r*Gr(D, •) in the usual sense. This 
defines 

7T*D= (7T*D,7T*Gr(D, •)) 

whenever D = (D, Gr(D, ■)) with D intersecting X properly. 
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The argument of 32] Theorem III. 3.1] allows one to extend the definition of 7r* to all 
arithmetic divisors. Briefly, given an arithmetic divisor D = (D, Gr(D, •)) one can use Chow's 
moving lemma |30| (working on an etale presentation of the generic fiber of M*) in order to 
modify D by a principal arithmetic divisor in such a way that the resulting divisor meets 
X properly, and then check that the resulting pullback does not depend on the choice of 
principal arithmetic divisor used in the modification. It may be worth pointing out that 
there is a gap in the proof of [32] Theorem III. 3.1], identified and corrected by Gubler [14] . 
The gap is in the proof of the "Moving Lemma for Xi-chains" , but if one only works with 
Chow groups of codimension one (as we do) then the use of this lemma is unnecessary, and 
there is no gap. 

There is a canonical linear functional 

dei : CHk(X) -> R, 
defined, if X is a scheme, in [T3] as the composition 

CHr(X) -> CHR(Spec(e> fc )) -> K, 

where the first arrow is the proper pushforward by the structure morphism X — > Spec(Ofc), 
and the second arrow is defined in [13] Section 3.4.3]. The generalization to stacks can be 
found in |22) . In any case, 



log(N(q)) , ^ Gr(D,z) 



deg(D, Gr(D, ■)) - ^ ^ „. , n i ^ „, , , , 

#Aut x (z) #Ax&x(c\{z) 



■I 



whenever D is irreducible. Here Fq lg is an algebraic closure of the residue field Ofc/q, and 
N(q) = #(O fc /q). 

Definition 3.1.8. Suppose X is a regular stack, finite and flat over Ok, and equipped with 
a morphism 7r : X — > M. Arithmetic intersection against X is the linear functional 

[• : X] : CHr(M*) R 



defined as the composition 



CHi(M*) ACH^X)^ 



The arithmetic intersection [• : X] is characterized by 
(3.1.2) [D:X] = 7 fin (D:X) + Gr(D,X) 

for every arithmetic divisor D = (D, Gr(D, •)) on M* such that D and X intersect properly, 
where 

T / x _ v-* log(N(q)) 

/fin(D • x) = 2. #Aut^) 4 (D • x) 

and 

Gr(D, z) 



Gr(D,X)= 



ex(c) #Aut x(c) (z)- 
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3.2. Kudla-Rapoport divisors. The stack M admits an obvious morphism to 

M naive M w M naive 

- M(X,0) X O k M („-l,l)- 

This stack is a moduli space of sextuples (Aq, kq, ipo, A, k, ip), but we usually abbreviate 
such a sextuple to 

(A ,A) € M naivc (S). 

The Ofc-module Honi£> fc (Aq, A) is equipped with a positive definite Ofc-Hermitian form 

(/i,/2> = ^q 1 o / 2 V fx- 
The right hand side is an element of Ende> fc (Ao), which we identify with Ok- 

Definition 3.2.1. For any m ^ 0, the naive Kudla-Rapoport divisor KR nalvc (m) is the 
moduli stack of tuples (Aq, A, /) over O^-schemes S, in which 

• (Ao,A) G M naive (S) 

• / G Homo fe (Ao, A) satisfies (/, /) = m. 
Of course KR naivc (m) = if m < 0. Denote by 

KR(m) = KR naivc (m) x M „ alV c M 

the pullback of KR naivc (m) to M. 

The morphism KR(m) — > M is finite and unramified, and (in light of Proposition 13.2.31 
below) we view KR(m) as a divisor on M in the usual way. To be more precise, KR(m) is 
a closed substack of itself, and so determines a cycle [KR(m)] on KR(m) by [34, Definition 
(3.5)]. We then pushforward this cycle to a divisor on M* using [331 Definition (3.6)]. 

Definition 3.2.2. For every m ^ the Kudla-Rapoport divisor KR*(m) is the Zariski closure 
of the divisor KR(m) in the compactification M* of M. 

The following result tells us not only that KR*(m) has the expected dimension, but also, 
as we shall see in the proof of Theorem l4.2.11 ensures that the higher Tor terms in the Serre 
intersection multiplicity will not contribute to our final formulas. 

Proposition 3.2.3. Suppose F is an algebraically closed field, z G KR(m)(F) is a geometric 
point, and denote by R z the completed Stale local ring of KR(m) at z. Let y G M(F) be the 
point below z, and denote by R y the completed etale local ring o/M at y. The natural map 
R y — > R z is surjective, and the kernel is generated by a single nonzero element. 

In particular, the local rings of KR(m) are complete intersections, and its irreducible 
components all have dimension n — 1 . 

Proof. Let (Aq,A, /) be the triple over F determined by the point z. Let Ok,z be the 
completion of the strict Henselization of Ok with respect to the geometric point 

Spec(F) A KR(m) -> Spec(O fc ), 

and let CLN be the category of complete local Noetherian Ofc. z -algebras with residue field F. 
The ring R y represents the functor assigning to every object S of CLN the set of isomorphism 
classes of deformations of (Aq, A) to S. Here deformation always means deformation to an 
object of M(5); that is, the deformations of Aq and A are also equipped with O^-actions, 
polarizations, etc. lifting those on Aq and A. Similarly, R z represents the deformation func- 
tor of the triple (Aq, A, f). The surjectivity of the tautological map R y — > R z is equivalent 
to the injectivity of 

Uom(R z , S) -> Eom(Ry, S) 
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for every object S of CLN, and this injectivity is proved in [331 Lemma 2.2.2.1]. Let 

I = ker(Ry -> R z ), 

let m be the maximal ideal of R y , and set S = R y /ml. The kernel of the natural surjection 
S — >• R z is 1 — I /ml, and satisfies I 2 = 0. By Nakayama's lemma, to prove that I is a 
principal ideal, it suffices to prove that I is. 

Let ( Ao, A) be the universal deformation of ( A , A) to R y . The reduction (A^^A^J 
comes with a universal map f : A /^ — > Am x , and we will use the deformation theory 
arguments of [23j Chapter 2] to study the obstruction to lifting f to a map A / s — > A/g. 
As in the proof of Proposition 12 . 1 . 21 the de Rham homology groups iJ dR (Ao) and if dR (A) 
are free of ranks 1 and n over Ok ®z R y , and sit in short exact sequences 

-> FU 1 F 1 dR (A ) -> # dR (A ) -> Lie(A ) -> 

and 

Fil x Hf R (A) ff dR (A) ->■ Lie(A) 0. 

Furthermore, again by the proof of Proposition 12. 1 .21 

Fil 1 i/ 1 dR (A )=j-iJ 1 dR (A ). 

The same holds with A and A replaced by their reductions to S or R z . Fix once and 
for all an O fc <g) z .R^-module generator <r 6 i/ dR (A ), and a basis ex, . . . , e„ of Lie(A) such 
that ei, ... , e„_i is a basis of the universal i? a -submodule J 7 C Lie(A) satisfying Kramer's 
conditions. In particular j ■ ei = for 1 < i < n, and the operator j on Lie(A) has the form 

"0 ••• ji 

(3.2.1) j : •.. : : 

••• i„ 

for some ji, . . . , j„ G Ry. 
The map f induces a map 

f : ff dR (A 0/fl J S? R (A /fl ,) 

respecting the Hodge nitrations, and by (23j Proposition 2.1.6.4] there is a canonical lift 

f : Ht R (A 0/s ) -+ Ht R (A /s ) 

(which need not respect the Hodge nitrations) . The obstruction to lifting f to a map 
Ao/s — > A/5 is given by the composition 

j ■ Hf R (A 0/s ) -> ff dR (A 0/s ) A Ht R (A /s ) -> Lie(A /s ). 

which wc denote by obstf. The image of f(tr) in Lie(A/<j) is xie± + • • • + x n e n for some 
x\, . . . ,x n G 5, and 

obstf (j'ct) = xijei H h z„je„ = x n je n = x n (Jiei H h j„e„). 

The map obstf becomes trivial after applying <g)s-R z , and hence the ideal x n (ji, . . . , j n ) 
of 5 is contained in X. On the other hand, the map obstf becomes trivial upon reduc- 
tion to S/x n (ji, . . . , j n ), which implies that the universal triple (Aq/^ , A , f ) lifts to 
S/x n (ji, . . . , j n ). By the universality of (A / Rz , A/ Rz , f), this lift corresponds to a section 
to the natural surjection S/x n (jx, ■ ■ • , j n ) Rz, which is therefore an isomorphism. In 
other words 

X X n (ji : . . . , jn)- 
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To complete the proof that I is principal, it now suffices to show that (ji, ■ ■ ■ ,j n ) is a 
principal ideal of R y . After Theorem 12.1.41 it is natural to consider separately the cases 
j ■ Lie(A) ^ and j ■ Lie(A) = 0. 

The case j ■ Lie(A) ^ is easy. This assumption implies that (|3.2.ip is nonzero after 
reduction to the residue field F, and hence at least one of the ji's is a unit in R y . In 
particular (J±, . . . ,j n ) = R y is a principal ideal. 

Now assume that j ■ Lie(^4) = 0. By Theorem 1 2. 1.41 this implies that char(F) | dk- Let p 
be the kernel of the structure map ir : Ok — > F, and let p be the rational prime below p. As 
we assume that dk is odd, we may fix a uniformizer n € Ok,p in such a way that W = —n. 
Note that iv(n) = 0, and so j = ir as endomorphisms of Lie(A). In particular 7rLie(A) = 0. 
Using the fact that Hf (A) is free of rank n over Ok <S>z F, it is easy to deduce from the 
exactness of 

-> Fil 1 i? 1 dR (^l) ^ H? R (A) -> Lie(A) -> 

that 

(3.2.2) Fil^^tA) = 7T • H? R {A). 

Using the coordinates of [171 , we examine the structure of the universal i?j,-module 
short exact sequence 

-> Fil^^CA) -> ^(A) -> Lic(A) -> 0, 

and of the universal submodule J 7 C Lie(A). Fix an isomorphism i/^ R (A) = {Ok.p®i v R y ) n , 
and identify Cfe jP ®% v R y — R y ® irR y . This gives a decomposition 

i/f R (A) = i?" © 7ri?™. 

By [291 Lemma 3.6], these choices may be made in such a way that the symplectic form 
on the left hand side determined by the principal polarization on A is identified with the 
symplectic form ip on the right hand side determined by ip{ei,ej) = and ip(ei,Ttej) = <5j 
Here e\, . . . , e„ € i?" are the standard basis vectors. Combining (|3.2.2[) with Nakayama's 
lemma shows that the composition 

Fil 1 F 1 dR (A) -> R n y ffi 7rRy -> Tri?; 1 

is an isomorphism (the first arrow is the inclusion, the second the projection). This implies 
that there is a unique X e M n (R y ) such that the vectors 

f i = Xei — nei 



v n = Xe n - ne n 

are a basis for Fil 1 i/f R (A), and such that the images of e±, . . . , e„ in Lie(A) form a basis. 
With respect to this basis, the action of it on Lie(A) is through the matrix X . The Hodge 
filtration Fil 1 i?5 1R (A) is isotropic for the symplectic form ip, and one easily checks that this 
implies l X = X. 

The matrices (|3.2.1[) and X — in (tt) are conjugate by an element of GL n (R y ), as they 
represent the operator ir — i_R H (7r) with respect to different bases of Lie(A). Noting that 
(|3.2.1|) factors as 

3 = j ■ *e n , 

where l j = [j\ ■ ■ ■ j n ], there is a 7 G GL n (Ry), such that 

13 ■ ^nl' 1 = X - i Ry (ir). 
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Define v,w £ R™ by 



= jj and 



= *7 ^n, 



The orbifold M(C) = M( 10 )(C) xM? ra x 1 - ) (C) is disconnected, and its connected components 



so that v ■ w = X — iR y (jr). The essential point is that the symmetry of X implies the 
symmetry of v ■ w, so that ViWj = VjWi for all At least one component of w, say we, is 
a unit, and so {viw~[ 1 )wj = Vj. This means that v is a scalar multiple of w: v — cw where 
c = VfwJ 1 £ R y . From the definitions of v and w we deduce 

*77 ' 3 =c-e n , 

and hence (ji, . . . ,j n ) — (c) is a principal ideal. 

Having now proved that R y — > R z is surjective with principal kernel, it only remains to 
prove that the map is not an isomorphism. Suppose it is an isomorphism. This implies, 
by dimension considerations, that KR(m) contains an entire irreducible component of M. As 
M is flat over Ok, it follows that KR(ro)/c contains an irreducible component of M/ C . But 
KR(m) /c is a divisor on M/c, as one can check using the explicit complex uniformization of 
[2D] or pg. □ 

3.3. Analytic compactification. Recall that we have fixed an embedding i : k — >• C. We 
now construct explicit coordinates on the complex orbifold M(C) = M nalve (C), and give a 
purely analytic construction of the compactification M*(C). The complex uniformization 
of M(C) is described both in [20] and in [IS], and we only sketch the main ideas. The 
compactification is a special case of the vastly more general constructions of [2] [24] , and 
generalizes the signature (2, 1) case studied in [51 1^1 12"7] 

«Kra 

are indexed by isomorphism classes of pairs (2lo ; 21) in which 

• 2lo is a projective Ofc-module of rank 1, equipped with a positive definite Hcrmitian 
form h<n (x,y), under which 2to is self dual, 

• 21 is a projective Ofc-module of rank n, equipped with a Hcrmitian form h%(x, y) of 
signature (n — 1,1), under which 21 is self dual. 

The 2lo's index the (finitely many) points of M( 10 )(C), while the 21's index the connected 
components of ^(C). Fix one such pair (2lo,2l), and set 

L = Hom 0fc (2lo,2l) 

and V = Lk- There is a Hcrmitian form (/, g) on V of signature (n — 1, 1) characterized by 

(3.3.1) h^{x,x) ■ (f,g) = h&(f(x),g(x)) 

for all x £ 2lo- The discrete group 

f = Aut(2to, hsi ) x Aut(2l, h&) 

acts on L by (70, 7) , / = 7°/°7(7 1 , and sits in an exact sequence 

1 -> fi(k) -> f -> T -> 1 

where T — Aut(i, (•, •)), and fJ,(k) C T is embedded diagonally. Let V be the space of 
negative lines in Vc = V ®fe lt C; such lines are denoted with the symbol h. The group T, 
and hence also T, acts on 2?, and there is a morphism of complex orbifolds 

f\V -> M(C) 
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identifying f\X> with the connected component of M(C) indexed by (2to , 2t) ■ 

As in Section [2~!6l the boundary components of M*(C) are indexed by isomorphisms classes 
of triples (2lo,m ^ 21) , where 21q an d 2t are as above, and m C 21 is an isotropic direct 
summand of rank one. We now give an analytic construction of the boundary component 
indexed by (2l ,m C 21). The O fe -submodule 

a = {/ € L : /(2to) C m} 

is an isotropic rank one direct summand of L. There is a canonical filtration a C a C L, 
and by Proposition 12.6.31 we may fix a decomposition 

L = a© A© c 

in such a way that c is isotropic, a ± = a © A, and A = (a © c) 1 " is positive definite and self 
dual. Let afc, Afc, and Cfc be the fc-spans of a, A, and c in V. We may choose basis elements 
e, ei . . . , e n _2, e' € V in such a way that 

a fc = fee 

A fe = kei H h fce„_ 2 

c fc = fee', 

and so that the Hermitian form on is given by 

"■''■U'*)-> 

for a diagonal matrix A € M„_2(Q) with positive diagonal entries. There are fractional 
Cfc-ideals ao and Co defined by a = doe and c = coe', and related by <5fcCoCto = Ok- 
Define a bijection 

(3.3.2) V S {(z, u) e C x : iv/rffc(^ - z) + l uAu < 0} 

by associating to (z,u) the span of 

and define a positive real analytic function of the variable /i € D by 

( i? i?) > — 
Oh) = -d k ' ,, 9 = -iy/d k (z -z)- t uAu. 
\(v,e}\ 2 

In the middle expression u is any nonzero vector on the line h. For every e > 0, define 

Sets of this form should be thought of as tubular neighborhoods our boundary component, 
and the function 1 /£ is to be thought of as "distance to the boundary" . 
To the isotropic line fee = afc there are associated subgroups 

CrCJVrCPrCT 

defined as follows. Let P C Aut(V, (•, •)) be the subgroup of automorphisms preserving the 
isotropic line afc. As a^ = afc © Afc, elements of P necessarily preserve the filtration 

a fc c a fc © Afc c V. 
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The unipotent radical N c P is the subgroup of elements acting trivially on the graded 
pieces of the filtration. In our coordinates 

n I Y 1 t T ^\ . S,Tek n - 2 , 6 k T = -AS 1 

I I n - 2 Xek, S k (X-X) + t SAS = 

The center C C N consists of those matrices for which S = T = 0. Abbreviate 

p r = Pnr 7V r = jvnr c r = c n r. 

There is a unique r £ Q + such that 

f /l X> 

c T = < ( /„ 2 o I \ ; : 

The value of r depends on the choice of e 6 afc, and satisfies rZ = <5fcOoao l~l Q. Using this 
(and the hypothesis that d k is odd) it is easy to see that 

r = d k N(a ). 

The function is invariant under the action of Pr on T>, and hence 2? £ is stable under 
Pr. The action of Nr on I? has the explicit form 




(z,u) = {z + 'Tu + X^u + S), 



and if we set q = e 27r2Z / r J then (z,u) i— >• (g, u) defines an isomorphism 
C r \2? e S {(g,u) € C x C"" 2 : < | 9 | < e ~ p ^' u) } 

where 

p(e, u) = — ^= ( - + 

Our coordinates exhibit the quotient Cr\T> e as a punctured disk bundle over C™ -2 , and as 
such there is a natural partial compactification 

(3.3.3) C r \:D e = {(g,u) eCx C n ~ 2 : |g| < e~ p ^ u) }. 
In the coordinates ()3.3.3p . 

(3.3.4) d{h) = - ^ /2 ^ ( ° n) • log M 2 - f uAu. 

For sufficiently small e the map Pr\T> e — > T\T> is an open immersion of orbifolds. The 
action of Pr on Cr\T> e extends to an action on (|3.3.3[) leaving the boundary divisor q = 
invariant, and if we set 



P r \2> = (Pr/C r )\(C r \D^ 



there is an open immersion of orbifolds Pr\T> e — ¥ Pr\V e . This allows us to glue Pr\T> e 
onto T\D to create a partial compactification of T\D. Taking the orbifold quotient by /i(fe) 
acting trivially then gives a partial compactification of T\D = fi(k)\(T\D), obtained by 
glueing 

x e = M (fc)\ ■ 
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The results of [53], comparing analytic and algebraic compactifications, show that X e 
is a tubular neighborhood of the algebraically defined boundary component indexed by 
(2lo, m C 21). The boundary component itself is defined by the equation q = on X e . 

3.4. Green functions. In [15] one can find the construction, for every to ^ 0, of a Green 
function Gr(m, v, •) for the divisor KR(m) on the open Shimura variety M, but with no claims 
about how it behaves near the boundary. This Green function depends on a choice of 
auxiliary parameter v £ R + , and its construction is based on ideas of Kudla [18]. In this 
subsection we begin the task of analyzing the behavior of this Green function near the 
boundary of the analytic compactification M*(C). 

We continue with our fixed triple (2to, m C 21) indexing a boundary component of M*(C). 
The pair (2lo,2l) indexes a connected component r\£> C M(C). We also keep the basis 
e, e\ . . . , e n _2, e! £ V of the previous subsection. Given a nonisotropic f £ V, write 

(3.4.1) f = ae + bie x H h b n - 2 e n -2 + ce', 

and define a holomorphic function on T>, in the coordinates (|3.3.2I) . by 



9 f {h) = ( 



(from this point on we will no longer distinguish between elements of k and their images 
under the fixed embedding i : k — > C). Define an analytic divisor T)(f) C T> by 

V(f)={h£V:h±f} 

= {h£V: y f (h) = 0}. 

For a positive real number x, the function 

xu ^ 
U 



1 



(3.4.2) foix) 

decays exponentially as x — > oo. There is a power series expansion 

(-l) fe+1 x fc 



i9i(x)+log(a:) = -7 + 5^ 

k=l 

(7 = 0.577216 ... is Euler's constant), and so the left hand side extends to a smooth function 
on K. Given a parameter v £ M + and an integer the Green function of |15j . restricted 

to the component T\D, is given by the formula 

(3.4.3) GrK„,„)= Y. 

(fj)=m 

If ip m (h) — is a local equation (on some open subset U C T>) for the analytic divisor 

V(m)= V (f) 
feL 

(/,/>=m 

then Gr(m,v, h) + log|V>m(fo)| 2 extends to a smooth function on U. The orbifold divisor 
T\T>(m) is none other than the restriction of KR(m)(C) to the component T\D C M(C). If 
to < then T>{m) is empty, and Gr(TO, v, h) is simply a smooth function on T\D. 



30 



BENJAMIN HOWARD 



The problem is to understand the behavior of Gr(m, v, h) near the boundary divisor q = 
of X e , or equivalently near the divisor q = of (]3.3.3|) . Define Pp-stable subsets of L by 

(3.4.4) L bnd (m) = {/ G L :(/,/) = m and (/, a) = 0} 

L int (m) = {/ G L :(/,/> = m and (/, a) ^ 0}. 

In the coordinates (|3.4.ip we have (/, e) = — <5fcC, and so (/, a) = if and only if c = 0. To 
study Gr(m,v,h) near the boundary, we break (13.4.31) into two sums: 

Gr(m, v, h) = Gr bnd (m, u, h) + Gr int (m, u, h) 

where 

2 ' 



/6i bnd (m) 

Gr int (m,v,/i) = ^ /3i 

/<EL int (m) 



47T«|*/(h)| 



Consider the image of L under / i-> (/, e) = — SkC. The image is a Z-lattice in C, and so 
there is some positive real number c m i n satisfying |c| 2 > 8c m ; n for every / G L mt (m). For 
every h G V let h 1 - C Vc be the orthogonal complement of h under (•, •). There is unique 
positive definite quadratic form Qh on the real vector space underlying Vc satisfying the 
conditions 

• h and h 1 ^ are orthogonal under Qh, 

• the restriction of Qh to h is Qh(f) — —{f: /)> 

• the restriction of Qh to ftA is Qh{f) — (f, /)• 

With a bit of algebra one can show that Qh is given by the explicit formula 

and by the even more explicit formula 

Qh(f) = ^® + \b - cu)A(b - m) 



(3.4.5) 2 



Skc(z + z) . f c t . 

-^-^ '- - 5 k a + l uAb - - ■ l uAu 



2 



in the coordinates (|3.3.2[) . Ignoring all but the first term on the right shows that Qh(f) > 
|c| 2 £(/i)/2. It follows that for sufficiently small e (depending on m), 

(3.4.6) ^>^>c min ^)>^ 

£{h) 4 e 



A more geometric motivation for the decomposition Gr = Gr bnd + Gr mt is that the sum 



for all h£V e and all / G L int {m) 
gee 

defining Gr lnt is over those /'s for which the image of T>(f) in T\T> does not intersect the 
boundary divisor q = of (|3.3.3[) . while Gr bnd corresponds to those / for which T>(f) does 
meet the boundary. Indeed, (|3.4.6[) shows that by shrinking e we may assume that ^f(h) 
is nonvanishing on T> e for all / G L int (rn). This proves that on V e we have the equality of 
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divisors 
(3.4.7) 



KR(m)(C)= J2 P (/)= E 

/eL b ° d (m) 



{/,/>=m 



The motivates the notation "int" and "bnd" , which are short for "interior" and "boundary" . 

3.5. Behavior near the boundary, part I. In this subsection we study the behavior of 
Gr mt (m, v, h) near the boundary. This is relatively easy. For / e L mt (m), the estimates 
(|3.4.6[) tells us that \^f{h)\ 2 /^(h) grows without bound as £(h) oo. As fti decays 
exponentially at oo, the sum defining Gr mt (m, v, h) converges to term-by-term as t;(h) — > 
oo, or, equivalently by (|3.3.4j) . as q — > 0. Thus one does not expect Gr mt (m, u, h) to 
contribute significantly to the behavior of Gr(m, v, h) near q — 0. The following proposition 
makes this more precise. 

Proposition 3.5.1. The function £ int (h) = Gr int (m,u, h), initially defined on Cr\2?% 
extends continuously to Cr\D e and vanishes identically on the boundary divisor q = 0. The 
differential forms d£ lnt , d£ mt , and dd£ lnt have log-log growth along the divisor q = 0. 

The proposition will be a consequence of the following lemma. Abbreviate 

\*f(h)\ 2 



R f (h) = 



Lemma 3.5.2. Suppose /? is any complex valued function on (0,oo) for which there are 
positive constants C\ and T satisfying < \(3{t)\ < e~ Clt for all t > T. There are 
e, C2, C3, C4 > such that 



/GL int (m) 



for all h£V e 



Proof. By (|3.4.6j) . we may shrink e in order to assume that Rf(h) > T for all / 6 L lnt (m). 
Thus 



E P(Rf(h)) 

f€L int (m) 



< E 

/ei int (™) 



e -c lQh (f) < j2 Y E ' 

a €o / A eA c£c 



-CiQ h (ae+fA+ce') 



Some elementary but slightly tedious estimates using (|3.4.5p show that the final term on the 
right is bounded by C' i e~ C2 ^ h) for some C' 4 , C 2 > 0. The claim now follows from (13.3.41) . □ 

Proof of Proposition \3.5. 1[ The first claim is immediate from Lcmma [3.5.2[ by taking f3(t) = 
j3i(Anvt). Next we bound the growth of d£ mt . For any / <E L mt (m) we compute, using 



(3.5.1) 

the first derivative 



dt 



— /3i(4nrvRf(h)) = e-^-R/W 
dz 



Rf dz £ dz 
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Combining ([5X5} with |*/(/i)| 2 = R f {h)£(h) shows that on X> £ , 

for a constant C independent of h and / € L lnt (m). Therefore 

9 



dz 



px{A-KvR f {h)) 



< 



Q e -i%vRf{h) _ 



It now follows from Lemma that |<9£ in 7<9z| < C 4 |g| C3 e^ 2 *"^ for some C 2 , C 3 , C* 4 > 0, 
and so 

P d£mt 1 F(h) 



dS 1 



dq 2niq dz glog|g| 

for some continuous function F vanishing along q = 0. Similarly, if we write u = [u\ , . . . , u n —2\ 
then 



-^fc{AxvR f (h)) 
oui 



< 



for a constant C > independent of /, and Lemma \3 . 5 . 2 1 implies that d g u vanishes along 
q = 0. This proves that (9£ lnt has log-log growth along q = 0. The proofs for d£ lnt and 
dd£ lnt are similar. □ 

3.6. Behavior near the boundary, part II. Now we turn to the more difficult analysis 
of Gr bnd (m, v, h). Suppose / £ L hnd (m). If we write / in the coordinates (|3.4.1j) . and recall 
that (/, o) =0 implies c = 0, we see that 

&f(h) = -5 k a + l bAu. 

In particular, for any ae G aoe = a we have 

* ae+/ = - 5 k a. 

The function "J/ is invariant under the action of Cr C Stabjv r (/) on T>, and is visibly 
independent of the coordinate z. Thus f defines a function on Cr\£> e independent of the 
variable q in (|3.3.3I) . In other words, if we view Cr\T> e as a punctured disk bundle over 
C™~ 2 , then VP/ is constant on fibers. It follows that VP/ extends uniquely to a holomorphic 
function on the partial compactification Cr\T> e . By (I3.4.7P the pullback of KR*(m)(C) to 

KR*(m)(C) = J2 

/eCr\L b ° d (m) 



C r \X> £ is 



where V*(f) C Cr\V e is the zero locus of * f . 

Proposition 3.6.1. Suppose ip m {h) = is an equation for the divisor KR* (to) (C) on some 
open subset of Cr\D e , and set 

lnd(m) = #{fea ± /a:(f,f) = m}. 

The smooth function 



£ h " d (h) = log \ijj m (h)\ 2 

mnded, and th 
growth along the divisor q = 



Ind(m)£(fr) 



+ Gr hnd {m,v,h) 



4vYol(C/6 k a ) 

on Cr\D e is bounded, and the differential forms d£ hnd , d£ bnd , and dd£ hnd have log-log 
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The proof of Proposition l3.6.11 will occupy the remainder of this subsection. We begin by 
noting that 

2 N 



Gr (m, «,/»)= 2^ h{ J(h) ) 



'^v\^ ae+f {h)^ 



E Eft 

/GA aeea 
</,/>=m 

E Z._ft ^ |W 

{/,/>=m 



On Cr\D e , the divisor KR*(m)(C) is the sum over {/ 6 a /a : (/, /) = m} of the divisors 
(3.6.1) ^ Div(¥/(h)+»j). 



Fix a point ho on the boundary q = of Cr\D e . If ipf(h) — is a local equation for (|3.6.1|) 
on some open neighborhood of h , we consider, for each / G /ft, the function 

,3., 2 , e , W . ,„ g W - j,^^ + £ * 

This function is defined so that 

(3.6.3) £ bnd (h) = £ f( h )- 

fea. x /a 
{/,/>=m 

We will prove that £f is bounded on a neighborhood of ho, and that the differential forms 
d£f, d£f, and dd£f have log-log growth along the divisor q = 0. Proposition 13 . 6. ll will then 
follow easily. 

Fix complex numbers w\ and wn such that <5fcOo = "Lwi + Ivj^- As w\ and T372 form a 
basis for C as a real vector space, we may define real valued functions fj, and v on Cr\2? e 
by the relation 

^f(h) — n(h)m\ + v{h)zu2- 

The function ^ f depends on a lift of / <G a^/a to a^. As the lift varies, *S? f is replaced 
by + rj for r/ € (S^cio. Thus we may choose the lift / to assume that |//(ho)| < 1/2 and 
|^(ho)| < 1/2. Define a neighborhood of ho by 



Q = {h G C r \2> : |/i(h)| < 3/4, |z/(h)| < 3/4, > l}, 

where 

47TW 

For every nonzero 77 G <5fcOo the function ^/(h) + 77 is nonvanishing on i7, and so we may 
take ipf = ^> f as our local equation for (|3 . 6. 1 [) . 
Set Q(x,y) = \xw\ + 2/^2 1 2 , so that 
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and 



£/(/»)= log (Q(n(h),v(h))) 



n£ v (h) 



Vol(C/<5 fc a ) 



E & 



Q(m + n{h),n + v{h)) 



The restriction of £/ to a function on fl (with possible singularities along f = and g 
is henceforth viewed as a function on the domain 

iMl < 3/4 

iio = {(n,v,€v)e®- 3 -- H < 3/4 

& > 1 

(with possible singularities along the line \x = v = 0, and possibly blowing up as 
Define real numbers a, b, and c by y) = ax 2 + bxy + cy 2 , and abbreviate 



A = v / 4ac - b 2 = 2 • Vol(C/<5 fe a ). 
We will estimate the growth of the function 

/ Q(m + fi, n + v)* 



E p 

on Qq by comparing it with the integral 



1 l" 



ft 



Q(x,y) 

tv 



dxdy^^- [ /3i(x 2 + y 2 )dxdy 



Vol(C/<5 fc a ) ■ 



In order to compare the sum and integral, we decompose 



(3.6.4) 
in which 



E 



Wl(/U,Z/,&,) = E^ 
m 

U 2 (l-l,V,tv) = E 

W 3 (M 5 ^^) = / 

J|x|<l 

J|x|>l 



Q(m + fj,, n + v) 
Tv 

/ Q(m + v) 



Vol(C/4a ) 



1=1 



/3i 



/ Q(m + fj,, n + v) 



tv 



Ep 

n 



/ Q(x,n + v) 
V & 
Q(x,n + v) 

T 



Pi 



dx 

Q{x, n + v) 



tv 



dx 



- / Pi 



( Q(x,y) 

\ tv 

Q{x,y) 



dy 
dy 



dx 



dx, 



and study each term individually. 

Lemma 3.6.2. The functions 0J2 and uj^ are bounded on S7o • 
Proof. For any nonzero y € K there is a Fourier expansion 

'Q(m + n,yY 



2>( ! 



tv 



J29k(v,tv)e 2 ^ 
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in which 



e pi 



poo r poo 
Jl U- 



dx 

e ^ dx 



2nikx- uQ{ c x ' v) 



du 
u 



— — e au e a e 4a «" 
an 



= e a 

This allows us to estimate, for k ^ 

\9k(y,£v)\ < 
It follows that 

'Q{m + n,y) 



it 

a Jo 



fc 2 A -A 2 „ 2 C?M 



Jo 



1 _ A,r|fcy| 

g 4au — . g a 



m<EZ 



Q(x,y) 



dx 



— ^ A7r|fcy| &\y\ 

\9k{y,Zv)\ < 2^e s— < — e — 

for some constant C independent of \x and £„. Taking y = n + v and summing over all 
nonzero n shows that 0J2 is bounded on £1 - 
Similarly 



5> 



Q(x,n + 1/) 

Tv 



/ Q(x,y) 



C _4H 

< — e 

a; 



for some constant C independent of v and £ v , and integrating over |x| > 1 shows that 0J4 is 
bounded. □ 

Estimating the behavior of to\ and cj 3 requires a little more work. 

Lemma 3.6.3. The functions oji(/j., v,£, v ) + log(Q(fj,,u)) and LOs(fj,,u,^ v ) are bounded on 
no- 



Proof. Abbreviate 



<f>{x,y) = Pi 



( Q(x,y) 



Computing the partial derivative of <f>(x, y) with respect to x we find 



Q(x,y) 



which shows that 



Q(x,y) \x\ \wi+yx l tu 2 \^ \x\ 
for some constant C\ independent of x, y, and £„. Similarly 

~Q x (x,y) 2 Q x (x,y) 2 Q xx (x,y) 



~(x,y)\ 



£vQ(x,y) Q(x,y) 2 Q{x,y) 



Q(x,v)/i* 
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and so 



\<Pxx(x,y)\ < 



\Qx(x,y)\ 2 r -Q( x ,y)/£ v + \Qx(x,y) 2 - Q xx (x,y)Q{x,', 



£vQ(x,y) 



Q(x,y¥ 



£v ~ ' Q{x,y) 

for some constant C2 independent of x, y, and £„. It follows easily that 

|0xx(a;,2/)| cfo < C 3 

1/4 

for some C3 independent of y and £„. Let 62(2/) = y 2 — y + 1/6 be the second Bernoulli 
polynomial. If we apply the Euler-Maclaurin summation formula 



N „N 

= / 9(x) dx + 



g(l) + g(N) t g^N) -</{!) 



+ 



N 



2 12 
with y(a;) = (f>(x + ji, y) and let N — > 00, the above bounds show that 

0(1 + 



(3.6.5) 



^ /"OO 

0(m + /x, y) - I 4>{x + fi, y) dx - 



<C 4 



for some C4 independent of /i, y, and £„. 
We next estimate 



<Hm,2/) + ^(l +/^,y) 



for small values of y. Set 



y) = - lo s 



p(x + fi, y) dx 
Q(x,y) 



As Pi(s) + log(s) is bounded on compact subsets of R-°, there is some C5, independent of 
x, y, fj,, and £„, such that 

\<p(x + fj,,y)- L(x + fj,,y)\ < C 5 , 

provided we restrict to x and y to, say, the closed interval [—2, 2]. Using elementary calculus 
we compute the indefinite integral 



f f h v \ / 

/ \og(Q(x,y)) dx = -2x+ I — + a; I log(Q(x, j/)) + — • arctan I 



by + 2ax 

yA 



from which it follows that 



/ L(x + n,y) 
Jo 



dx 



= 2 + 



>>y + ix + \ ) [log(Q( M , y)) - log(Q(l + (i, y))] 



yA 
a 



2a r 2 

arctan 



b 2a/A 
A + ~yA~/ 



arctan 



b 2a(l + /z) 

A + yA 



For any a and /3 the function y • arctan(a + fiy ) is continuous at y = 0. From what we 
have said, there is a function C& = Ce(n,y,£v) bounded on the domain \fi\ < 3/4, \y\ < 1, 
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1 < £„ and satisfying 

= 2+ + [log(QO*,»))-log(Q(l + /i,y))] +C 6 . 

If we combine this with (|3.6.5j) we obtain 

m=l ^° 



(x + jit, y) c&c 



- + M + ^) [ log(Q(/i, I/)) - Iog(Q6u + 1, y))] + C7 7 

for some C7 = CV(/x, y, £„) bounded on the domain < 3/4, \y\ < 1, and 1 < £„. Repeating 
the entire argument with fj, replaced by — fx and w\ replaced by —w\ shows that 

+ ( t>( m + V>y) = f (f>{x + n,y)dx 

ro=-oo "'- 00 

- - M + 5) [ log(Q(/x, I/)) ~ Iog(Q(A* - 1, y))] + C 7 

Adding these two estimates together, we have proved the existence of a constant C, inde- 
pendent of y, /Lt, and £„, such that 



(3.6.6) 



^2 0(^ + ^)2/)-/ ^(^,y)^ + iog(Q(/i,y)) 



m— — 00 



< c 



whenever \y\ < 1. Taking y = v shows that v, £„) + log(Q(/i, 1/)) is bounded on Qq. 

Reversing the roles of x and y in the discussion leading to (j3.6.6[) shows that 

<j){x,y)dy + \og{Q{x,v)) 

is bounded independently of v and on the domain |x| < 1. Using the intcgrability of 
log(x 2 ) near x = 0, it is easy to check that 

-1 

\og(Q{x,v))dx 



-1 

is bounded as v varies over \v\ < 3/4. It follows that W3 is bounded on f^o- □ 

The boundedness of £f on fio, and hence on f2, is now a consequence of (|3.6.4p . Lemma 
13.6.21 and Lemma 13.6.31 The desired estimates on the growth of d£f, d£f, and dd£f will 
require the following lemma. 

Lemma 3.6.4. For any k > 0, on the domain Q 

\*f + v\ 2 \ *£» 

CAJJ I — 



Empl .^ h _^_ + o( V£: 



E exp(-!i^E)(*,+,) = o(i/ £ ;) 
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J2_ exp 



I*/ + ii^ ,^ + „,» = + oci/e*) 



Vol(C/A) 



and 



rieS k a a 



Proof. Recalling that 

^ exp 

i)G(5 fc oo 



there is a Fourier expansion 



& / (*/ + »7) 



E ex P 



x: exp f-^z+zf) = f „ ^ • e 2 ^ e 2 ^ 



r)G(5 fc oo 



in which 



A{s,t)= / e- Q ^'^e- 2nisx e- 27Titv dxdy 



is the Fourier transform of e 30<m/)_ In particular A(s,i) is a Schwartz function, and it 
follows that 



E 



exp - 



\*f + v\ 



= &A(0, 0) + 0(l/a - ^ + 0(l/£„ fc ). 



This proves the first claim. The proof of the second and third claims are similar. 
For the fourth claim, set 



so that 



E 

r)ES k a 
r;#(0,0) 



exp 



<j>i(fj,, v) = exp 
02 (Mi ") = CX P 



// 



Q(/z,i/)\ 



& / (*/ + »?) 



') 1 {lJ,,v)w\ + 2 (^, V)wi. 



The Fourier analysis argument used above breaks down due to the singularity of 0,(/x, v) at 
the origin, so we resort to less sophisticated methods. The relation (f>i(— x, — y) = —<pi(x,y) 
implies that 

4>i (m + /x, n + v) | < X^ 1 0j (m + /z, n + v) — 0i (m — /z, n — v) | . 



(m,n)^(0,0) 



m,n£Z 
(m,n)^(0,0) 



By directly computing partial derivatives, it is easy to see that there is a constant C, 
independent of x, y, and £„, such that 



I — 
I — 

dy' 



4>i(x, y)\ < C • exp 



k{x,y)\ < C • exp ( - 



Q(x,y) 
Q(x,y) 



l 



1 



Q{x,y) £„ 

l l 

+ 



Q{x,y) £„ 
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and it follows that 



\<f>i{m + /i, n + v) — 4>i{m — /i, n — v)\ 



< 



d 



2 • sup| s | <;L I — 4>i(m + sfi, n + sv)\ 



< AC- sup^Kjexp 



Q(™ + sfj,, n + sv) 



i 



i 

+ — 



Q(m + sfx,n + sv) £ v 



Some elementary estimates show that there are constants C\ and C2, independent of fi, v, 
and £ v , such that 



su P|s|<i ex P 



(m,n)^(0,0) 
< Ci 

= ttCi 



exp 



Q(m + s/i, n + si/) 
C 2 • (x 2 + y 2 ) 



1 



+ 



1 



x 2 +y 2 >l V St) 

e -«c 2 /«„i dM + 7rC . i 



Q(m + s/x, n + sv) £ v 



dx dy 



u 



x 2 +y 2 
~ uC2 du 



= O0og(&)) 
and the fourth claim follows. 



C2 



O(l) 



□ 



Proof of Provosition [5. 6. 11 As noted earlier, the boundedness of Ej on is a consequence 
of (|3.6.4p . Lemma [3.6. 2[ and Lemma [3.6.31 Next we compute, using (|3.5.1|) and the first 
estimate of Lemma r3.6.4[ 

\*f+v\*\ _ 1 PYT / \*f+v\ 2 \ d& 

7T 



s 



2* E ^ 



»7e5fcOo 



Vol(C/<J fc oo) 



o (i/& 



dq 



It now follows from (13.6.21) and (13.3.41) that 



O 



O 



1 



MiogM 



Similarly, writing u = [u±, . . . ,u n -2\ and using the first and fourth estimates of Lemma 
I3A41 



d 



ves k a 



J2 exp 



1 <9* 



ft, / (*/ + »?) 5u 



-+ H eX P 



|*/ + Tj| 2 \ 1 d& 



£„ J £ dui 



-exp 
d 

dui 



l*/| 2 \ 1 



— + 0(log(£„)) 



2 , 



log I*/ 



Vol(C/5 fe oo) 



o(b g (e„)), 
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which shows that 



I^OQogloglg- 1 ! 



These calculations show that dSj has log-log growth along q = 0, and the proof for d£f is 
the same. 

The growth of dd£f is controlled in the same way. Lemma T3.6.4I implies that 



d 2 V- o (I*f + V\ 2 



dqdu 



rie8 k a 



exp 
J2 exp 



Q, dui dq 



l*/ + ^l 2 \ \*t + v\ a -Zvd€ v az v 



Zv 



dui dq 



0(1/^)^^ + 0(1/^)^^ 



<9?Zj dq 



dui dq 



which implies 



The same method shows that 



= O 

dqdui 
dqdui 



( 1 



VMiogM/ ' 
= o- 1 







and similarly 
d 2 



dqdq 



s E ft 



neS k ao 



E_ ex p 

>)G<5fcOo 



k|log|g| 
1 

kl log kl 
\^f + v\ 2 



\Vf + r)\ 2 ~Cv 



dq dq 



= o(i/e v ) 



2 d£ v d£ v 



shows that 



9% 

dqdq 



= O 



dq dq 
1 

(Wo g \ q \y 



Finally, Lemma \3 . 6 .41 shows that 
d 2 v- pj\*f + rir 



duiduj 



r)e5 h a 



r ex P 



»)G(5 fc oo 



\Vf + vl 

Zv 



d 2 £ v 1 0& d£ v 



d^duj £ v dui duj 



- ex p 



»;e<5 fe no 



9u< 



= 0(1), 
and it follows that 

Thus dd£f has log-log growth. 



duiduj 



0(1). 
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All claims of Proposition 13. 6.11 follow from Q3.6.3P and the discussion above. □ 

3.7. Arithmetic Kudla-Rapoport divisors. Fix to ^ and v € R + . We will define a 
class 

KR(m,v) e CH M (M*) 
in the arithmetic Chow group of Section 13.11 

The boundary Z of M* is a disjoint union of smooth irreducible divisors. Denote by B 
the set of irreducible components of Z / fe »ig . Recall from Section 13.31 that the components 
of Z/fcaig are indexed by triples (2to , m C 21), and to each triple there is an associated self 
dual Hermitian lattice L = Hornet (2lo, 21) of signature (n — 1,1). The isotropic line m C 21 
determines an isotropic line 

a = Homo,. (2to, m ) C L 

and the quotient 

a^/a = Homo fc (2l ,m ± /m) 
is a self dual Hermitian lattice of signature (n — 2, 0). 

Definition 3.7.1. The m-index of the boundary component B £ B indexed by (2lo,m C 21) 
is 

Ind B (m) = #{/ea ± /a:(/,/)=m}. 
Proposition 3.7.2. For any boundary component B 6 B, 

Ind B (m) = B(C) n KR*(m)(C) = 0. 
Furthermore, hide (to) = Inde^TO.) for every a € Gal(fc alg /fc). 

Proof. It is clear from (|3TP|) that Ind B (m) = if and only if L bnd (m) = 0. If i bnd (m) = 
then (13.4.71) shows that the component B(C) has an open neighborhood in M*(C) which does 
not intersect KR(m)(C), and so B(C) n KR*(m)(C) = 0. On the other hand, if L hnd (m) ^ 
then (|3.4.7[) shows that for every / g L hnd (m) the pullback of (the support of) KR(m)(C) 
to Cr\D e contains the vanishing locus of the function ^f{h) — — <5fca + l bAu. If we fix 
any solution uo € C m ~ 2 to l bAu = Ska, then the point (q,u) — (0,uo) of f|3 . 3.3[) lies in 
B(C)nKR*(m)(C). 

For the second claim, recall from Section [2~6l that the boundary components of M(„_ ! ^ / fc ai g 
are indexed by the cusp labels of Definition 12.6.11 (with m = n — 1). As the points of 
Mpm /feaig are indexed by self dual Hermitian lattices of signature (1, 0), the boundary com- 
ponents B € B are indexed by extended cusp labels: triples (2lo,n, 03) where 2lo a self dual 
Hermitian lattice of signature (1,0), n is a projective Ofc-module of rank one, and 03 is a 
self dual Hermitian lattice of signature (n — 2,0). If B is indexed, in our old language, by the 
triple (2l ,m C 21), then its associated extended cusp label is (21 ,n, 03) where n = 21/m^ 
and 03 = m /m. In this notation, 

a- L /a^Hom Ofc (2t ,03) 

as Hermitian lattices. The essential point is that Proposition 12.6.21 (and the usual theory 
of complex multiplication for elliptic curves) tell us that replacing B by B CT has the effect of 
replacing Homo fc (2lo, 03) by Home> fc (2to®s _1 , 03(g)S _1 ), where the fractional ideal s is chosen 
so that recfc(s) and a agree on the Hilbert class field of k. But the canonical isomorphism 
of Ofc-modules 

Hom 0fc (2l , 03) S Hom 0fc (2t ® s" 1 , 03 <g> s" 1 ) 
respects the Hermitian forms, and so bide (to) and Inde^m) count the number of vectors of 
norm to in isomorphic Hermitian lattices. □ 
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By the previous proposition, for any m ^ the formal linear combination of geometric 
boundary components ^ Bee IndB(w)B, a priori a divisor on M* fcalg , descends to a divisor on 
Hj k . Denote by B(m) the Zariski closure of this divisor in M*. If m < then KR* (m) = 0, 
and the previous proposition shows that B(m) = 0. 

Definition 3.7.3. Given m^O and v € R + , define a divisor on M* with real coefficients 

B(m, v) = B(m). 

Airv 

The arithmetic Kudla-Rapoport divisor is 

KR(m, v) = (KR*(m) + B(m, w), Gr(m, u, •)) € CHr(M*). 

Of course for the definition to make sense we need to know that Gr(m, v, •) is a Green 
function for the divisor KR*(m) + B(m,v). This is the content of the following theorem. 

Theorem 3.7.4. Suppose z is a complex point of some boundary component B € B. There 
is an open neighborhood V C M* (C) of z such that the smooth function 

£{h) = Gr(m, v, h) + log (h)\ 2 + log \ q ( h )f 

47TW 

on V \ B(C) is bounded, and the differential forms d£, d£, and dd£ have log-log growth 
along B(C). Here ijj m (h) — is a local equation for KR*(m)(C), and q(h) = is a local 
equation for the boundary component B(C). 

Proof. Recalling that Gr(m, v, h) = Gr bnd (m, v, h) + Gr mt (m, v, h), Propositions I3.5.T1 and 
l3.6.Il show that 



Gv(m,v,h) + log \^ m {h)Y 



4vVol(C/5 fe a ) 



is bounded, and its first and second order derivatives have log-log growth. The equality 
(|3.3.4p shows that the function 

4^ l0gl9(h)|2 = MSZW l06k(ft)|2 

ZlT IT 

differs from — £(h) by a function extending smoothly across B(C), and the claim follows. □ 



4. Intersections with CM cycles 

In this section we define a one dimensional stack X$ as a moduli space of abelian schemes 
with complex multiplication. The stack X$ admits a canonical morphism to M. By reducing 
to the calculations of [15] , we compute the arithmetic intersection agains X$ of the Kudla- 
Rapoport divisors of Definition 13.7.31 and relate these intersection numbers to the Fourier 
coefficients of Eisenstein series. 

Let F be a totally real etale Q-algebra (in other words, a product of totally real fields) 
of degree n. In the main results F will be a totally real field. Define a CM algebra 



K = k (g)Q F. 
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4.1. CM cycles. Recall that we have fixed an embedding i : k — > C. A CM type $ C 
HoniQ_ a ig(if, C) is said to have signature (n — 1,1) if there is a unique ip sp G $ whose 
restriction to k is equal to I. This distinguished y sp is called the special element of $. 
There are n distinct CM types of signature (n — 1,1), and each is uniquely determined by 
its special element. This fact implies that the subficld of the complex numbers 

K^=^{K) 

contains the reflex field of $, and in fact is equal to the reflex field except in the degenerate 
case n — 2. In this degenerate case K§ is a biquadratic CM field, and the reflex field of 4> 
is the unique quadratic imaginary subfield of K$> which is not isomorphic to k. In any case, 
let 0$ C K$ be the ring of integers. 

Fix a CM type $ of signature (n — 1, 1). The fixed embedding l : Ok — > C takes values in 
0$, and we use this map to view 0$ as an C^-algebra. Note that this map is the complex 
conjugate of the composition 

O k -> O k ^ 0*. 

Fix also a set x\, . . . ,x r € Ok of Z- module generators of Ok, and define a polynomial 
(4.1.1) detail, . . . ,T r ) = JJ (Ti^n) + • • • + T r ip(x r )) e 0*[T lt . . . , T r }. 

As in Section [l~4l if A — >• S is an abelian scheme over an arbitrary base scheme, equipped 
with an action k : Ok — > End (A), there is an induced action x i— > k(x) v of Ok on the dual 
abelian scheme A v . 

Definition 4.1.1. The CM cycle CM$ is the C$-stack parametrizing triples (A,n,ip) in 
which 

• A — > S is an abelian scheme of relative dimension n over an C$-scheme S, 

• k : Ok — > End(A) is an action of Ok on A, 

• ip : A—> A v is an 0^--linear principal polarization of A, 

• the pair (A, k) has CM type in the sense that the determinant 

dct(Ti.Ti H h T r x r ; Lie(A)) 

is equal to the image of (|4~TTT|) under 0$[Ti, . . . , T r ] -> O s [Ti, . . . , T r ]. 

The stack CM$ is smooth and proper of relative dimension over 0$, by [HI Proposition 
3.1.2]. 

Lemma 4.1.2. Suppose R is an O^-algebra, let J^p be the kernel of the ring homomor- 
phism Ok ®z R R defined by x ® r — > ip sp (x)r, and use the composition 

i R : O k A O* -> i? 

to wiew; i? as an Ok-algebra. For any (A,K,ip) G CM$(i?) 7 i/ie OK-stable R-submodule 
J- = J ¥ , BP Lie(A) o/ Lie(A) satisfies the following properties: the quotient hie(A)/J r is a 
locally free R-module of rank one, Ok acts on T through the structure map in : Ok —> R, 
and Ok acts on Lie(A)/jF through the complex conjugate of the structure map. 

Proof. It suffices to prove this for the universal object over CM$. One can easily reduce 
further to the case where R is the completion of the etale local ring of a closed geometric 
point z of CM$, and (A,K,ip) is the pullback of the universal object. Such a geometric 
point has the form z £ CM$(Fp lg ) for some prime p C 0$. Let C p be the completion of an 
algebraic closure of fe$, p , identify the residue field of Oc p with our fixed copy of Fp lg , and 
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fix a fc$-algebra isomorphism C = C p . As CM$ is smooth of relative dimension over 0$, 
the ring R is isomorphic to the ring of integers of the completion of the maximal unramificd 
extension of fe$ p inside C p . 

We now view each <p g $ as taking values in C p , and let J$ be the kernel of the ring 
homomorphism 

defined by sending x <g> r to the tuple {ip{x)r) v . The results of [TS] Section 2.1] tell us that 

Lie(A) = (0 K ® z i2)/J* 

as Ok 53z i?-modulcs. Obviously «7$ C J^sp, and so 

Lie(A)/J tp BpLie(A) = (O k ®z R)/J<p*v = R- 

It is clear that Ok acts on Lie(^4)/J v spLie(A) through <^ sp , and so Ok acts through c^ sp |c> fc = 
I, as desired. Finally, we must show that Ok acts on J v s P L,ie(A) through l. This is clear 
from 

J^p • Lie(A) = J^p/Jq ' > ]~[ Cp 

and the hypothesis </?|fc = t for every ip appearing in the product. □ 

The condition that $ has signature (n— 1, 1) implies that (A, k, ip) i-> (A, «;|o fc , "0) defines 
a morphism 

The lemma says that this morphism lifts to a canonical morphism 

CM$ -+ Mf™ 1>1)/0# 
defined by (A, k, ip) — > (A, K|e> fc , ■T 7 )- I n particular, the C$-stack 

X$ = M (1>0) x 0h CM$ 
admits a canonical morphism X$ — > M iq^ . 

4.2. The intersection formula. In this subsection we assume that the discriminant of F 
is odd and relatively prime to dk- 

The structure morphism X$ — > Spec(C$) is proper and smooth of relative dimension 
0. In particular X$, now viewed as a stack over Ok, is regular, and the structure map 
X$ — > Spcc(Ofc) is finite and flat. Using the Ofc-morphism X$ — > M, we obtain from Section 
I3.ll a linear functional 

[• : X*] : CHr(M*) -> R. 

We will evaluate this linear functional on the arithmetic Kudla-Rapoport divisors of Defini- 
tion [37731 at least under the hypothesis that F is a field. This hypothesis implies that X$ 
and KR(m) intersect properly [T51 Theorem 3.8.4], and so 

[KR(m,v) : X$] = 7 fln (KR*(m) : X$) + Gr(m, u,X$). 

Theorem 4.2.1. Suppose m > 0. If F is a field then 

h(k) 

J fin (KR*(™) :X$) = 22 Yl log(N(f))-ord f (opilF)-p(at)- £ '5 f ). 

Tr F/Q( Q ) = m 



COMPLEX MULTIPLICATION CYCLES AND KUDLA-RAPOPORT DIVISORS II 



45 



Here h(k) is the class number of k, w(k) is the number of roots of unity in k x , the inner 
sum is over all primes p of F nonsplit in K, Dp is the different of F/Q, 

{1 if p is unramified in K 
if p is ramified in K . 

and 

p(a) = #{<8 c O k : <BK = aO K } 
for any fractional Op-ideal a (in particular, p(a) = unless a C Of ). 

Proof. We reduce to the results of [15 . The first observation is that the local rings of 
KR* (m) and X$ are Cohen-Macaulay, by Proposition 13.2.31 and the smoothness of X$ over 
0$. This implies, by a result of Serre [23 p. HI], that the higher Tor terms vanish in the 
Serre intersection multiplicity. Thus if we abbreviate 

Y = KR(m) x m X$ 
a* (KR naivc ( m ) X(1 „ al vc M) x m X$ 
= KR naivc (m) x M „ a ,ve X* 

we find 

I fin (KR*(m) : X*) = £ £ igffl^lengtV JO^) 
\- ^ log(N(q)) 1 

(in the first line the inner sum is over morphisms Spec(Fp lg ) — > Y of O^-stacks, while in 
the second line the inner sum is over morphisms Spec(Fq lg ) — > Y of 0$-stacks). The final 
expression is computed in Theorems 3.7.2 and 3.8.4 of [T5] . 

□ 

The archimedean contribution to the intersection multiplicity was computed in Theorems 
3.7.2 and 3.8.6 of [15]. The result is as follows. 

Theorem 4.2.2. Fix any nonzero m £ Z, and any v G M + . If F is a field then 

Gr(m,U,X$) = V /3 1 (4 7 ri;|a|) • p(cu) F ). 

w (fc * — ' 

Tr F/Q (a)=m 

.ffere -FL is the set of elements of F that are negative at exactly one archimedean place, 
and \a\ is the absolute value of a at the unique archimedean place v at which a v < 0. The 
notations h(k), w(k), and p have the same meaning as in Theorem \4-2.1[ and fi\ is the 
function fff.^.ffp . 



Recall the nonholomorphic modular form 

(iF (t), 0) = as,(m,v) ■ q r ' 
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of the introduction. The coefficients c$ (m, v) were computed in [15] , using results of Yang 
[35] , It was shown there that 

c$(m, v) = 6$(a, v), 

Tr(a)=m 

for some real numbers 6$ (a, v) determined explicitly by the formulas of [T51 Corollary 4.2.2]. 
Comparing those formulas with Theorems 14.2.11 and 14.2.21 yields the following result. 

Theorem 4.2.3. Fix any nonzero m€ Z, and any v S R + . If F is a field then 

Here dj^/F * s the discriminant of K/F, and r is the number of primes of F ramified in K, 
including the archimedean primes. 

Conjecture 4.2.4. Theorem \4-2.3\ holds without the hypothesis that F is a field. That is 
to say, it also holds for F a product of totally real fields. 

The point, of course, is that if F is not a field then X$ and KR(m) intersect improperly 
in M. This means that [KR(m, v) : X$] cannot be computed using the simple formula (|3.1.2p . 
This suggests that Conjecture 14.2.41 is considerably more challenging than Theorcm l4.2.3l 
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